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ASSESSMENT OF CORRECTNESS CONDITIONS
IN KINEMATIC SEISMIC TOMOGRAPHY: UNCERTAINTY CALCULATION
AND GRID SIZE APPROXIMATION

Purpose. To justify and quantitatively evaluate the characteristic dimensions of regions L within which the linear-
ization of the eikonal equation has a correct solution in the context of kinematic ray tomography based on the prin-
ciples of geometrical optics.

Methodology. The authors use the theoretical foundations for determining the correctness of solving the seismic
problem of the kinematic ray tomography method based on Taylor approximation combined with regularization (the
Geyko’s method). To assess the characteristic dimensions of the regions, model seismic profiles, including PAN-
CAKE, as well as global mantle tomography data, are applied. The analysis was carried out using models of the veloc-
ity structure of the Earth’s crust and mantle in the Carpathian region, taking into account the main tectonic units.

Findings. The characteristic dimensions of the linearization region, which determine the resolution of the meth-
od, vary significantly — from ~ 0.2 km in the crust to ~100 km in the mantle. It was determined that these sizes
mainly depend on the geometry of seismic rays and the velocity structure of the medium. The main factor influencing
the size of region L was found to be the size of the time spline window selected when forming one-dimensional travel-
time curves in the common midpoint format. It was established that the errors of the kinematic tomography method
are errors in estimating the depth of penetration of refracted rays. The paper shows how to calculate these errors and
use them to assess the accuracy of the kinematic tomography method in the format of seismic velocities.

Originality. Quantitative criteria are proposed for the applicability of the linearized approach to solving the eikonal
equation in heterogeneous media within the framework of the kinematic method using Taylor approximation. For the
first time, a survey design network for regional tomography by the kinematic method with the possibility of setting the
resolution was calculated. The effect of errors on the method’s results is demonstrated.

Practical value. The study results have important applied significance for optimizing the configurations of seismic
observation networks. They allow for a more substantiated parameterization when constructing kinematic models,
ensuring a balance between resolution and stability of solutions. The methodology makes it possible to design kine-
matic tomography surveys using natural sources of seismic waves with predictability of results at a level comparable to

deep seismic sounding methods, despite the uneven distribution of sources and receivers.
Keywords: kinematic method, seismic tomography, seismic profiles

Introduction. Ray-based seismic tomography is one
of the main geophysical methods for studying the
Earth’s internal structure at various scales, ranging from
regional to local studies. Despite the fact that the wave-
field contains incomparably more information than the
travel times of seismic waves used in ray tomography,
waveform inversion has not yet been able to replace ray
methods [1]. This is due to the considerably greater
challenges, both in principle and computationally,
which, in particular, make the result of waveform inver-
sion dependent on the accuracy of the initial model se-
lection [2]. And it is precisely ray-based seismic tomog-
raphy that remains the most important tool for creating
such models, which underscores its practical value for
solving the assigned tasks.

A number of key issues in ray-based seismic tomog-
raphy remain unresolved, at least for natural seismic
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wave sources. The main difficulty is primarily related to
the uneven distribution of natural seismic wave sources
(earthquakes) and seismic stations that record them be-
cause, for the correct solution of the ray tomography
problem, each point in the medium must be both a
source and a receiver of seismic waves [3]. An important
issue in ray-based seismic tomography is the assessment
of the resolving power of the data and the construction of
models that are adequate for this resolving power [4, 5].
An effective assessment of model reliability remains
a serious problem in seismic tomography due to the ill-
posed nature of the tomographic inverse problem. This
leads to the existence of multiple solutions that can be
unstable with small changes in initial conditions or data
uncertainties, unless regularization is applied [6]. The
combination of implicit (e.g., through model parame-
terization choice) and explicit (e.g., damping and
smoothing) regularization, limited knowledge of data
noise, uncertainty in prior information, and simplifying
assumptions in both forward and inverse steps (e.g., us-
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ing ray approximation, ignoring anisotropy, lineariza-
tion) significantly complicates the reliable assessment of
model stability.

To assess the spatial resolution of solutions obtained
using linear or iterative nonlinear inversion schemes,
sensitivity analysis with synthetic models is widely used.
One of the most common types of such analysis is the
checkerboard resolution test. In this test, a synthetic
model includes alternating regions with different wave
velocities (or other seismic properties) in 2D or 3D.
These tests have several potential drawbacks: 1) they
provide only indirect measures of reliability, such as
resolution and uncertainty; 2) may give the impression
of possible resolution scales; 3) do not provide an accu-
rate representation of structural distortions or smearing
caused by data limitations [7]. Originally, these methods
were developed to assess spatial resolution in inverse
problems where formal resolution is impossible due to
the size of the model. They involve creating a heteroge-
neous synthetic model, based on which the forward
problem is solved using the same data coverage as for
real observations. The inversion method is then applied
to synthetic data to recover the test model. Differences
between the true and recovered models form the basis
for assessing the reliability of the obtained results.

The methods and approaches to solve the problem of
assessing the resolving power and accuracy of ray to-
mography methods, including kinematic tomography,
as described above, highlight the limitations in finding
solutions, which are linked to issues of seismic problem
accuracy, computational complexities associated with
algorithms, creation of synthetic models, and choice of
regularization. These factors themselves point to the in-
stability of the problem. This indicates that alternative
approaches must be sought to assess the errors and re-
solving power of the ray tomography method. One pos-
sible option is an approach based on the physical laws of
geometric seismology.

This work represents, on the one hand, a preparatory
stage for constructing a seismotomographic model of
the Carpathian region using the kinematic method of
Taylor approximation [8]. On the other hand, it ad-
dresses the issues of uncertainty in solving the seismic
problem of ray tomography at a theoretical level with an
original, authorial approach. The Geyko method [8] has
several advantages over other kinematic methods of seis-
mic tomography, the main one being a significant im-
provement in the accuracy of solving the seismic prob-
lem due to the way nonlinearities are approximated and
the format of constructing one-dimensional hodo-
graphs. The assessment of the parameters for solving the
seismic tomography problem and uncertainty estima-
tion will be based on two key parameters: 1) the charac-
teristic size of the region, L, within which the wave
equation has a correct solution according to Tikhonov’s
method; 2) the calculation of uncertainties [9] when de-
termining the velocity profile and the depth of maxi-
mum penetration of the refracted wave ray. Our ap-
proach to the uncertainty estimation will be of interest
not only to researchers working with kinematic methods
of seismic tomography, but also to a wider group of sci-
entists, as it is based on the physical laws of seismic op-
tics and has not yet been discussed in available literature
sources.

Theory. The seismic problem, in general, involves
solving the wave equation (the eikonal equation), which
describes the spatial distribution of wavefields. In the
general case, the wavefield is described by Maxwell’s
equations, the solutions to which require simplifications.
Seismologists are interested in simplifications that pro-
vide solutions for wave equations describing the location
of fronts and rays of the wavefield from seismic waves.
Theoretical solutions for these are represented by the
equations of geometric optics — the eikonal equation.

The transition from solutions of Maxwell’s equations
to the equations of geometric optics is possible by apply-
ing a series of simplifications for solving the seismic to-
mography problem, which belongs to the class of ill-
posed problems. So, it is necessary to determine the con-
ditions of correctness according to the Hadamard-Tik-
honov approach for solving the ill-posed seismic tomog-
raphy problem. This procedure is called linearization.

Consider the wave equation in a Cartesian coordi-
nate system in an isotropic medium for a monochromat-
ic wavefield oscillating with angular frequency w. This
allows the equation to be written in scalar form [10] as

V2u(r)+ kin*(r,0)u(r) =0, (1)

where V is the Hamilton operator, u(7) represents any
component of the wavefield that depends on distance
r, ® is angular frequency; 7(r,®) is the complex refrac-
tive index of the medium, in this case it is a slowly
changing function of distance r, k, = ®/c, where c is the
speed of light in a vacuum.

In a medium with a uniform refractive index n(®),
the solutions of Maxwell’s equations are plane waves.
For a homogeneous medium, it becomes possible to de-
scribe the field in the first approximation by “local”
plane waves of the form

E(r, f) = Ey(r) explikyS(r) + iot], 2)

where E(r) is a slowly changing function, S(r) is an ar-
bitrary coordinate function of » and ¢ is time. For a ho-
mogeneous environment, £,=const, S=ns"r. [f k) — o,
then in the solutions of equation (2), the term with 1/k
can be neglected, and after some transformations, we
arrive at the eikonal equation

(VS)? =n?(r). (3)

Function S(r), so-called eikonal, should be chosen
in such a way that it satisfies equation (3). At finite val-
ues of ®, neglecting the terms with 1/k is not possible as
the error associated with such an approximation when
choosing the field in the form of equation (2) is not
known in advance.

For plane waves in a homogeneous medium, the
amplitude

A(r) = [u(n)] e, 4

changes little over a distance on the order of the wave-
length.
Luneburg-Klein asymptotic series is as

5§ _An(r)
o (=iko)™

The asymptotic series of equation (5) is also referred
to as the representation of geometric optics. Compared

u(ry~e

%)

14 ISSN 2071-2227, E-ISSN 2223-2362, Naukovyi Visnyk Natsionalnoho Hirnychoho Universytetu, 2025, N° 6



to traditional geometric optics, equation (5) provides a
more complete description of wave propagation.

If the series in Equation (5) converges for large k), it
represents a Taylor series expansion in terms of the wave
number and is an exact solution to equation (1).

In general, tomographic methods can be divided into
two groups. The first group includes classical lineariza-
tion methods, based on the idea of linearizing multidi-
mensional inverse kinematic seismic problems. These
methods require specifying an initial reference one-di-
mensional model, and then the solution is sought as the
correction to this model. The second group is based on
linearizing the tomographic problem by constructing an
approximation of the three-dimensional velocity model,
regardless of the possible one-dimensional reference
model. The method proposed by Geyko [8] belongs to
this group. Its foundation is the Taylor approximation of
the eikonal equation and the wave equation.

Taylor approximation of nonlinearity — Geyko [8]. Let
the refracted wave propagate from the source x° € Sto a
point x' € S (or vice versa) with slowness p along
7(x°, x"). Let us denote by #(x", x') the signal transmis-
sion time and through U(x’, x', t) — its seismogram. Let
us introduce new variables & = (§;, &,), Xand ¢ as

XX XXy
él - b E_!Z - bl
2 2
X =] —x)+ () —x9); (©6)
1 0
x)—x
@ =arctan—=——.
X=X

Functions U(E, X, ¢, t) and #(&, X, ¢) are invariants
with respect to the relative position of the source and
receiver of the signal.

When expanding the functions into a Taylor series

P (x.2),0(&.X,7).7 (£,X), (7)

with respect to the variables x;, x, and §;, &, in the neigh-
borhood of the point = ({;, {,); thus, by limiting to
only the terms of the zero order series, the Taylor formu-
lashold: p?(x,z) = ﬁz(z) +R(P?), V(E X, 1) =Uc(X,1)+
+R(V), 1(EX)= fg(X) +R(), where R(p), R(V),
R(f) are remainder terms.

It has been proven that when § — ¢ in the neighbour-
hood of the point € € S, the following zero-order Taylor
approximations of the wave equation and the eikonal
equation are valid

20X, 1), 00(X,).
PR O (8)
— 2
axy
{a—ZJ =p;(2). ©)]

Equations (8 and 9) are uniquely solvable for the

function p.(z), the corresponding seismogram (X, 1)
and the hodograph fé(X ).

The solution to the seismic tomography problem ob-
tained using this method is an exact lower bound relative
to the solution obtained by the classical linearization
method, and it imposes fewer constraints on the velocity
function. The method is independent of the choice of

the initial approximation (one-dimensional reference
model) and is Tikhonov-regularized.

The classical linearization of the seismic problem
differs from Geyko’s linearization [8] in terms of the for-
mat of the hodograph and the use of slowness instead of
velocity, as in others. The formation of the hodograph
(the dependency of the arrival times of the first seismic
wave arrivals on distance) in the average point format,
rather than along the entire ray, i.e., at the point of max-
imum ray penetration, allows the hodograph to be
formed at the points of maximum ray penetration.
Moreover, the ray is considered symmetric, so the point
of maximum penetration has coordinates (X/2; T/2,
where X is the distance, and 7' is time according to the
hodograph to the hodograph), and the time field is
formed in the average point format.

The principle of slowness is exactly satisfied in the
case of a plane or nearly plane wave propagating in a
homogeneous or nearly homogeneous medium. This al-
lows for solving the seismic tomography problem by us-
ing piecewise-constant velocity functions as a parameter
of the medium as one of the approaches.

The fulfilment of the slowness principle follows from
the necessity of a small change in the local wave vector in
order to solve the wave equation for a plane wave [3] as

In(r+ L)=n(r)| ~ n(r), (10)

where L is defined as the distance over which the change
in some quantity occurs (A(r), k(r), n(r)) comparable to
the quantity itself or changes little over the wavelength in

the medium A(r) = l/ |k(r)| and gives an estimate for L
L~n/|vnl, (11)

which defines the region of stability of the linearization
for the eikonal equation.

L is related to the wavelength through the local wave
vector k(7),

avAl<|Al; (12)
RVE| <[k (13)
MVn) <, (14)

where k; is component j of the wave vector k; A is ampli-

tude; A= k/ 2m; ; n(r) is refractive index.

The dependence of the area size L on the wavelength
establishes the sufficient conditions for the applicability
of geometric optics, based on the concept of the Fresnel
volume [3]. Given that the Fresnel volume defines the
region that forms the field at a given point, i.e., it is the
localization region of the ray, two conditions for the ap-
plicability of geometric optics in the case of a plane or
nearly plane wave are formulated: 1) the parameters of
the medium, as well as the parameters of the wave (am-
plitude and phase gradient), should not change signifi-
cantly across the cross-section of the Fresnel volume;
2) the Fresnel volumes of the rays arriving at the same
point should not overlap significantly.

At the same time, the principle of slowness in the
Geyko method [8] is exactly satisfied under the assump-
tions that we are dealing with a plane or nearly plane
wave propagating in a homogeneous or nearly homoge-
neous medium. This allows the use of piecewise-con-
stant velocity functions as a parameter for the medium
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in solving the seismic tomography problem. It is clear
that the applicability of both methods is determined by
the wavelengths used and the Fresnel volumes.

Calculation of the uncertainty g,(q) and characteristic
size L. Burmin [9] notes: “There is a misconception that
the solution to the problem of inverting the ray diagram
should provide a range of velocity functions, which con-
tain velocity functions that satisfy the observed ray dia-
gram of seismic waves. At the same time, this range is
associated with the uncertainty estimation in determin-
ing the function v(z). The meaning of these estimates is
not entirely clear. The fact is that for any velocity inter-
val on the given segment [z, 2], an infinite number of
velocity curves can be constructed that do not corre-
spond to the observed ray diagrams. In this case, any
point of this range, by definition, should be a solution to
the problem, which, of course, is not the case. There-
fore, if a range of possible solutions is provided, it is nec-
essary to define the properties of the velocity functions
that fill the given range and to establish an algorithm for
constructing this range in such a way that each function
in the range is a solution to the inverse problem. At pres-
ent, such an algorithm does not exist, and such func-
tions are not defined. When estimating the uncertainty
in determining the velocity profile, one should also con-
sider the uncertainty in determining the depth of maxi-
mum penetration of the refracted wave ray”.

*
u

ao(q)ﬁa(u*)+5—°ln(£+ —;—IJ. (15)
T q q

The value §, is the maximum deviation of the ap-
proximating spline from the experimental points of the

seismogram, where &, = max|6x( p)| = max|5c( p)—x( p)|

corresponds to max|f (p)—-1«( p)| and is defined as 61(p)/p,
where 6#(p) (the superscript ~ indicates values with un-
certainty, without the theoretical value). The function
z(q) is the dependence of the ray parameter g on depth z
and is defined at each point of the segment [g,, ¢,]. €(u*)
is the absolute value of the uncertainty in determining
7, 7 <z, < 7y, X(p, u¥) represents the distance to the
point where the seismic ray exits, penetrating to a depth
Zn =7, dependent on the ray parameter p, ¢ = u(z,) <p <
<u(z)=u".

Calculation of the characteristic size L. As shown in
equation (11), L ~ n/|Vn|, where n is the refractive index
for each layer of the medium, V is the Hamiltonian op-
erator for a three-dimensional Cartesian medium, and,
in our case, we use a one-dimensional representation,
so the change in the refractive index is considered only
for the vertical projection z, i.e., depth.

Study region. The seismic velocity data for the crust
used in our study were taken along the profile PAN-
CAKE. Between 2008 and 2011, an international team
of scientists conducted research using wide-angle re-
flection/refraction (WARR) survey along the PAN-
CAKE (PANnonian-CArpathians-Cratonic Europe)
profile, which crosses the Pannonian Basin, the ALCA-
PA microplate, and partially the Tisa-Dacia region
along the Mid-Hungarian Tectonic Zone, the Ukraini-
an Carpathians, the Trans-European Suture Zone
(TESZ), and part of the East European Craton (EEC)
(Fig. 1). The results of the study, based on modern tech-

Fig. 1. Schematic tectonic map of the research area and

profile location PANCAKE (Starostenko, et al.,
2013):
PB — Podillia Block; ESB — East Slovakian Basin;
HCM — Holy Cross Mountains; KP — Korosten Pluton;
MHL — Mid Hungarian Line; NU — Narol Unit; OC —
Outer Carpathians;, OWC — QOuter West Carpathians; PKB
— Pieniny Klippen Belt; REU — Radom-£Lysogory Unit;
RRFZ — Rava Ruska folded zone; TESZ — Trans- Europe-
an Suture Zone; VB — Volyn Block; VGVR — Vyhorlat-
Huta Volcanic ridge; VPPB — Volyn-Polissia Plutonic Belt.
Black lines with black triangles represent main trusts, blue
areas filled black lines represent Pieniny Klippen Belt, cyan
areas represent inner Carpathian—Alpine units, orange ar-
eas represent Neogene volcanics. Solid black line represents
the edge of East European Craton

nologies and data interpretation, refined the under-
standing of the lithosphere structure in the region down
to a depth of 65 km. These units, ranging in age from the
Archean to the Quaternary period, differ in geological
origin and geodynamic history [11].

The field campaign included 14 explosive sources
(3 in Hungary and 11 in Ukraine) and 261 stations with
single-component geophones, spaced every 2.5 km. The
used seismic phases include refractions from sedimen-
tary layers (P,,), the upper/middle crystalline crust
(P,), and the upper mantle (P,). The seismic data show
a variable wavefield, reflecting differences in the struc-
ture of tectonic units.

Within the Eastern European Craton (EEC) (from
650 to 340-km depth), the following structural elements
were intersected: the southwestern slope of the Ukrai-
nian Shield, the Volyn-Polissia Basin, the Volyn-Podil-
lia Monocline, and the Lviv Basin. The profile then
passes through the Eastern Carpathians (160—340 km),
divided into two units: the Carpathian Foredeep
(290—340 km), above the Trans- European Suture Zone
(TESZ), and the Outer Carpathians (200—290 km). At
the southwestern end, the profile crosses the Pannonian
Basin.

The TESZ (Trans-European Suture Zone) on the
southwestern boundary of the Eastern European Craton
(EEC) includes units of the Earth’s crust that separate
the “ancient” Europe from the Variscan and Alpine
orogens. The Carpathian Foredeep consists of Neogene
molasses with an autochthonous Miocene sedimentary
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unit on the Paleozoic-Mesozoic cover of the EEC and
TESZ, as well as an internal allochthonous zone. The
Outer Carpathians are fold structures thrust over the
Carpathian Foredeep (Kruglov S.S., et al., 1985).

The origin of the Carpathian-Pannonian region re-
mains controversial. Some authors believe that it formed
during the Tertiary period due to the subduction of oce-
anic lithosphere beneath the microplates ALCAPA and
Tisa-Dacia (Ustaszewski, et al. 2014), while others as-
sociate it with rifting or gravitational instability (Staro-
stenko & Gintov, 2018) [12]. The Pannonian Basin is
covered with Miocene-Pliocene deposits of varying
thickness, and the pre-Tertiary basement of the ALCA-
PA microplate in the northeast consists of Mesozoic
carbonaceous deposits [13].

For the mantle, data for P-wave velocities are taken
from the solution of the seismic problem using the ki-
nematic method of Taylor approximation [14]. The
seismotomographic model is taken for the mantle area
beneath Ukraine, within the depth range of
50-2,700 km [14].

Methods. The calculation of uncertainties and char-
acteristic sizes L is carried out as follows. At the first
stage, the uncertainties g,(¢) in determining the depth of
maximum penetration of the refracted wave ray are esti-
mated for different input data on e(u*) — the absolute
value of the uncertainty in determining the slowness p —,
for values of e(u*) = 0.1, 0.2, 1, 2 s/km; 8, — the maxi-
mum deviation of the approximating spline from the ex-
perimental points of the travel-time curve, ,= 0.1, 0.2,
1, 2. Since we do not know the accuracy of the determi-
nation or the deviation of the experimental value from
the calculated value, such as the travel time 7 of the seis-
mic wave over the distance from the source to the point
of exit of the seismic ray X, we take values for the calcula-
tion of the uncertainty purely hypothetically, with a large
spread, in order to examine the influence of these pa-
rameters on the uncertainties over a wide range and
identify the parameter that has the strongest influence on
the uncertainty.

Results. Fig. 2 shows the uncertainties in determining
the depth of maximum penetration of rays for six select-
ed integral reference velocity columns, constructed
based on the PANCAKE profile data and the seis-
motomographic model for the mantle obtained using the
[8] method. The velocity columns are presented in Table
1. Six segments are selected from the PANCAKE profile,
corresponding to tectonic structures, and it should be
noted that simplifications are made for the velocity col-
umns in the Earth’s crust. The following columns are
selected based on tectonic structures: EEPVPL (East
European Platform, Volyn-Podillya Block); EEPLPP
(East European Platform, Lviv Paleozoic Basin);
ECARPP (Pericarpathian Basin; ECARPSK (Eastern
Carpathians); ALKAPA (Alkapa); TISIA (Tisa-Dacia).

The calculation of the characteristic size L is carried
out with different uncertainty values g(u"), d, for various
values based on the given integral velocity columns, se-
lected as reference models, constructed from the PAN-
CAKE profile and the seismotomographic model of the
mantle (Fig. 3).

The refractive index is obtained from Snell’s law,
taking into account that for air the refractive index is

EEPLPP
5
4
E o
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Fig. 2. Uncertainty €y(q) estimates in determining the
depth of maximum ray penetration for different values
of seismic wave velocity for six selected integral refer-
ence velocity columns, constructed based on the PAN-
CAKE profile data and the seismotomographic model

Jor the mantle for e(u*) = 0.1; 0.2; 1.0; 2.0 s/km,
6t=0.1;0.2; 1.0; 2.0 s, d; = 0.1; 0.2; 1.0; 3.0 km
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Table 1 End of Table 1

Seismic velocity V), values for integral velocity models 625 10.19 625 10.19 625 10.202
of the crust and upper mantle, chosen as reference for
6 tectonic structures in the Carpathian region. Data for 650 10.326 650 10.326 650 10.326
the crust is from [11], data for P-wave is from [14] 675 10.458 675 10.458 675 10.45
EEPLPP EEPVPL ECARPP 700 | 10.583 | 700 | 10.583 | 700 | 10.576
H, Vo H, Vo H, Vo 0 2.4 0 2.4 0 2.4
km km/s km km/s km km/s
1 3.1 2 2.4 2.5 2.4
0 2.4 0 2.4 0 2.4
2 4.35 5 3.1 8 5.95
1 3.1 1 3.1 1 4.35
6 4.65 15 6.26 24 6.26
2 4.5 2 4.5 2 4.35
9 6.2 25 6.26 50 8.017
3 4.5 5 5.15 6 4.65
12 6.2 50 8.017 75 8.086
9 6.2 9 6.2 10 5.45
16 6.2 75 8.086 100 8.124
10 6.27 10 6.23 14 5.55
25 6.4 100 8.124 125 8.151
19 6.27 15 6.27 22 5.29
30 8.1 125 8.151 150 8.174
20 6.6 20 6.09 25 6.4
50 8.017 150 8.174 175 8.195
30 6.6 30 6.25 27 6.7
75 8.086 175 8.195 200 8.217
34 6.7 35 6.7 40 6.93
100 8.124 200 8.217 225 8.245
41 6.93 45 6.93 45 6.93

125 8.151 225 8.245 250 8.288

50 7.769 50 7.769 50 8.017
75 7.848 75 7.848 75 8.086
100 8.215 100 8.215 100 8.124
125 8.278 125 8.278 125 8.151
150 8.31 150 8.31 150 8.174
175 8.32 175 8.32 175 8.195
200 8.333 200 8.333 200 8.217
225 8.354 225 8.354 225 8.245
250 8.389 250 8.389 250 8.288
275 8.446 275 8.446 275 8.407

150 8.174 250 8.288 275 8.407
175 8.195 275 8.407 300 8.519
200 8.217 300 8.519 325 8.644
225 8.245 325 8.644 350 8.778
250 8.288 350 8.778 375 8.916
275 8.407 375 8.916 400 9.055
300 8.519 400 9.055 425 9.191
325 8.644 425 9.191 450 9.325
350 8.778 450 9.325 475 9.455
375 8.916 475 9.455 500 9.583

300 | 8345 | 300 | 8545 | 300 | 8519 400 | 9.055 | 500 | 9.583 | 525 | 9.709
325 | 8709 | 325 | 8709 | 325 | 8644 45 | 9191 | 525 | 9709 | 550 | 9.833
330 | 8884 | 350 | 83884 | 350 | 8778 450 | 9325 | 550 | 9.833 | 575 | 9.957
5 | o0 | 35 | o0 | 35 | 8916 475 | 9455 | 575 | 9957 | 600 | 10.08
400 | 9103 | 400 | 9103 | 400 | 9.055 500 | 9.583 | 600 | 10.08 | 625 | 10.202
425 | 9.6 | 425 | 9136 | 425 | 9191 525 | 9709 | 625 | 10202 | 650 | 10.326
450 | 9.386 | 450 | 9386 | 450 | 9.325 550 | 9.833 | 650 | 10326 | 675 | 10.45
475 | 9503 | 475 | 9.503 | 475 | 9455 575 | 9957 | 675 | 1045 | 700 | 10.576
500 9.608 500 9.608 500 9.583 600 10.08 700 10.576 - —
525 9.711 525 9.711 525 9.709 625 10.202 — — — _
550 | 9.817 | 550 | 9.817 | 550 | 9.833 650 | 10326 | — _ _ _
575 | 9932 | 575 | 9932 | 575 | 9.957 675 | 1045 | - _ _ _
600 | 10.057 | 600 | 10.057 | 600 | 10.08 700 | 10576 | — — — -
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Fig. 3. The results for the calculation of the characteristic
sizes L for the six reference velocity models

equal to 1. The results for the calculation of the charac-
teristic sizes L for the six reference velocity models are
shown in Fig. 3. As we can see, the characteristic sizes L
practically do not change depending on the magnitude
of the uncertainties, so we will only provide two figures.
Discussion. Before proceeding to the discussion, it is
necessary to clearly distinguish between two concepts:
uncertainty and the resolving power of the method. Solv-
ing ray-based seismic tomography problems, in addition
to an overall assessment of the method’s applicability, re-
quires evaluating the uncertainties in the input data. The
primary uncertainty in the methods used is the approxi-
mate fulfillment of the necessary and sufficient conditions
of geometric optics. First and foremost, this involves re-
placing possible nonlinear wave processes with linear
ones, and the method’s exact applicability is restricted to
homogeneous media, with flat or nearly flat waves. A wave
process is defined as linear if the superposition principle
holds for it, which is fundamental in geometric optics.
The uncertainty in solving ray-based seismic tomog-
raphy problems has two components [3]: the primary

uncertainty is the evaluation of the methods used when
approximating (linearizing) the nonlinear seismic pro-
cess to satisfy the necessary and sufficient conditions of
geometric optics; the secondary uncertainties arise dur-
ing the processing of seismic records at the stations.

This is a conditional division, since the first and sec-
ond uncertainties are clearly interrelated, and the result-
ing uncertainty is not simply their sum. This is demon-
strated in our study. The uncertainty we evaluate in our
study gy(g) i.e., the uncertainty in determining the depth
of the maximum penetration of the refracted wave, as
shown by equation (15), depends on £(z*) — the absolute
value of the uncertainty in determining the slowness p,
and this dependence is linear. Equation (15) also shows
the dependence of the sought uncertainty on the values
of slowness at the upper and lower boundaries of the
depth interval, as well as the size of the temporal window
of the spline approximation when forming the travel-
time curve. The uncertainty in determining slowness
depends on the uncertainties that arise during the pro-
cessing of seismic records at the stations, which in turn
also contain random observational uncertainties associ-
ated with actual observations, systematic uncertainties
related to hypocenter coordinate determinations, and
deviations related to departures from the symmetrical
Earth model. As noted by Tsvetkova [3], “to assess the
uncertainties of the input data, it is desirable to have
minimal wavelengths for each of the records used”.

As we can see, uncertainty estimation is a multi-level
task when solving ray-based seismic tomography prob-
lems. It is difficult to imagine conditions where all mea-
surement uncertainties and nonlinear approximations of
various levels are known. Therefore, it is important to
understand which uncertainties have the greatest influ-
ence on the result.

In our study, we are forced to use conditional uncer-
tainties in the determination of slowness, as their true
values are unknown. We select values of g(u*) over a
wide range (from 0.1 to 2.0) to examine their influence
on the uncertainty g,(¢) in determining the depth of
maximum penetration of the refracted wave. Knowing
the layer thickness and the velocities at the upper and
lower boundaries, we can estimate the minimum and
maximum deviations in velocity at the base of the layer,
given the £(u*) values calculated during the analysis, as
e(v) = gy(u”)/((v, — v,)/h), where it is assumed that the
velocity gradient is preserved when moving the lower
boundary of the layer both upward and downward, ac-
counting for the uncertainty of +&(u*), and & represents
the layer thickness.

In general, the curves of the uncertainties ,(q) that
we calculate represent a normal distribution (Gaussian
distribution), meaning a bell-shaped curve with a peak at
the center (or, in our case, close to it). As it is known, in
a normal distribution of errors, the expected value is zero,
meaning that the observation results correspond to or are
close to the true values of the physical quantity. Of course,
this statement is only valid when systematic uncertainties
are excluded. For this, data obtained from different seis-
mic stations, over different years, and from sources with
varying intensities should be used. Thus, the probability
of systematic uncertainty is practically reduced to zero.

Knowing the uncertainties, +¢g,(¢) and +&(v), it be-
comes possible to determine the conditions under which
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the necessary and sufficient conditions of geometric op-
tics are met to define the conditions for approximating
the nonlinear seismic process. Specifically, it allows us
to determine the characteristic size of region L, within
which the inversion of the seismogram, collected in the
format of the midpoint (X/2; T/2), occurs with the
specified accuracy g(u”).

On the other hand, the characteristic size of region L
determines the resolution capability of the method, as
its size corresponds to the edge length of the cube (i.e.,
both horizontal and vertical dimensions are fixed) of the
geophysical medium that makes up the specified volume
of the study area.

A similar concept exists in the method of reflected
waves, where the resolution capability is divided into
horizontal and vertical components. The horizontal res-
olution capability in seismic exploration is approximate-
ly estimated by the formula: L > 2AA, where 4 is the depth
to the boundary, and A is the wavelength. From this for-
mula, it follows that the greater the depth, the lower the
resolution capability. The vertical resolution capability
in seismic exploration is estimated by the formula L > A4.
It is clear that the shorter the wavelength, the better the
vertical resolution capability. Therefore, by selecting dif-
ferent wavelengths, we can alter the resolution capability.
As is well known, the resolution capability is determined
by the diameter of the first Fresnel zone, and this rela-
tionship is shown in the formulas above.

In our study, we observe a similar situation: with in-
creasing depth, the characteristic size L increases
(Fig. 3), which means that the resolution capability de-
creases and the volume of averaged seismic velocity re-
gions increases. Furthermore, our research shows that
the size L depends not only on the velocity structure of
the medium, but also on the geometry of the ray (Fig. 3).

The approach presented for calculating the resolu-
tion capacity of the method and uncertainties are simi-
lar to the Spakman-Nolet [ 15] method for creating syn-
thetic models for tests evaluating solution stability,
where a heterogeneous synthetic model is created. This
model is used to solve the forward problem with the
same data coverage as the observational dataset, fol-
lowed by inversion of the synthetic data set in order to
reconstruct the test model. The differences between the
true and reconstructed models form the basis for assess-
ing the reliability of the solution. Although the “similar-
ity” is largely conditional, our approach has significant
differences.

Unlike the Spakman-Nolet method [7], we control
the resolution capacity of the method by setting specific
uncertainty values, which largely depend on the choice
of the time window size for the approximating spline.
These uncertainties are independent of the density of
points within the time window at the maximum ray pen-
etration depth (X/2, 7/2) and their distribution along
the travel-time graph, as in the method of the general-
ized ray density tensor [7], which quantitatively defines
the spatially-dependent azimuthal coverage of rays.
Within the parameters we set, the solution is unambigu-
ous. The calculation itself is based on the physical laws
of wavefront propagation.

There is another significant advantage of the physi-
cal approach we use. In the Spakman-Nolet method
[15], the synthetic model assumes a fixed location of the

source-receiver pairs, so the calculations are performed
with a corresponding matrix. In our approach, the de-
termination of characteristic sizes L — the sizes of the
correct solution for the ray problem — and the determi-
nation of the temporal window size for the spline ap-
proximation of the travel-time curves are necessary and
sufficient conditions for the unambiguous solution of
the seismic problem within the chosen solution correct-
ness conditions. Moreover, the Geyko method [8] of
Taylor approximation for the seismic problem involves
constructing the travel-time graph in the format of the
central point (X/2, T/2), as shown in the theoretical sec-
tion. This format provides a significant advantage in so-
lution accuracy and is Tikhonov-regularized.

As for the uncertainties, it should be noted that in
the work by Burmin [9], when estimating the uncertain-
ty in the determination of the velocity profile, the focus
is on estimating the uncertainties g,(¢)(q is the value of
the slowness at the lower boundary of the layer) in de-
termining the depth of maximum penetration of the re-
fracted wave ray. The calculation of uncertainties in de-
termining the depth of maximum ray penetration is pre-
sented in Fig. 2. As follows from the results, the uncer-
tainty in determining the depth of maximum ray pene-
tration of the refracted wave g;(q) depends on the time
window of the approximating splines &, and the uncer-
tainty in determining the ray parameter (velocity) g,(q),
which is specified depending on the velocity structure of
the study area. By setting the aforementioned parame-
ters, we control the uncertainty €y(g), thereby creating
the necessary format for the characteristic sizes of L. As
seen from Fig. 3, the size of the regions depends on the
velocity structure of the reference model and, to a lesser
extent, on the uncertainties.

The uncertainty estimation in determining the depth
of maximum ray penetration shows its dependence pri-
marily on the size of the spline approximation window
and the assigned uncertainty in the determination of the
slowness parameter y(q). The velocity structure also in-
fluences the shape of the resulting uncertainty curves in
determining the depth of maximum ray penetration
(Fig. 2), but not significantly, as seen from the small
variations in the numerical values of the uncertainties
for the six reference velocity columns we selected.

If we consider this study as the initial stage for con-
structing a seismotomographic model of the Carpathian
region, then, due to the specific tectonic structure of the
Carpathian region — parallel tectonic structures
stretched along the Carpathian Mountains, having the
sizes of L for different velocity columns, i.e., tectonic
structures, we can control the size of the expected un-
certainties in determining the depth of maximum ray
penetration for different seismic wave velocities.

If we consider the theoretical part, this study can
serve as an example of how the characteristic size L,
where the seismic problem is solved correctly according
to Tikhonov’s approach, correlates with the uncertainty
estimates in determining the depth of maximum ray
penetration for various seismic wave velocities. The
study demonstrates that by choosing a certain character-
istic size L, we can control the uncertainties of the kine-
matic seismic tomography method using Taylor approx-
imation, gy(q) and the resolution of the kinematic meth-
od of seismic tomography. These patterns will also apply
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to other kinematic approaches. Furthermore, the rela-
tionships between the choice of the temporal window
size of the approximating spline, the uncertainties in
determining the ray penetration depth, and the charac-
teristic sizes L are shown.

Thus, by setting the parameters for the characteristic
dimensions L, we set the initial network for solving the
problem of seismic tomography by the kinematic meth-
od, and the solution is correct according to Hadamard-
Tikhonov. Also, having data on the uncertainties in de-
termining the parameters of earthquakes at seismic sta-
tions, it becomes possible to calculate the parameters of
the results of the kinematic method of seismic tomogra-
phy: the resolution of the method, the accuracy of de-
termining the penetration depth of the refracted beam,
and also to estimate the uncertainty in determining the
seismic velocities (v, and v,). This allows us to use natu-
ral sources of seismic vibrations, earthquakes, for seis-
mic tomography despite the limitations associated with
the unevenness of the observation network and earth-
quake foci.

Conclusions. Ray tomography relies on the princi-
ples of geometric seismology and geometric optics. To
accurately solve direct and inverse kinematic seismic
problems, it is necessary to meet the required physical
conditions. These include the stability of medium and
wave parameters across the Fresnel volume cross-sec-
tion and minimal overlap of Fresnel volumes from dif-
ferent rays reaching the same point.

A key parameter ensuring the fulfillment of these
conditions is the characteristic region size L, which de-
fines the domain of correct linearization for the eikonal
equation. This region size is essential for constructing
the dimensional grid used in solving the kinematic prob-
lem, particularly within the framework of the Geyko
method that incorporates regularization to stabilize the
inversion process.

In this study, characteristic region sizes were esti-
mated for application in ray tomography of the Car-
pathian region. Reference velocity models were devel-
oped based on major tectonic structures, including the
East European Platform, the Volyn-Podillia Plate, the
Lviv Paleozoic Basin, the Pericarpathian Basin, the
Eastern Carpathians, Alkapa, and Tisa. These models
served as the basis for evaluating the applicability of the
kinematic tomography method using Taylor’s approxi-
mation in a complex regional geological setting. The re-
sults of the study are useful in planning seismic surveys
using the Geiko method. The obtained L dimensions
show the resolution of the method for the data we use on
the velocity structure of the Carpathian region. If it is
necessary to increase or decrease the desired resolution
when planning seismic work using the kinematic to-
mography method, the data we obtained on the L di-
mensions should be used.

The results show that the characteristic region sizes
vary significantly depending on depth and location,
ranging from about 0.2 kilometers in the crust to around
100 kilometers in the mantle. This variation reflects dif-
ferences in observation network geometry requirements
for imaging the crust versus the mantle. The tomo-
graphic grid was modeled as a system of cubes, where all
observation points within a cube contribute to a one-
dimensional hodograph.

The main factors influencing region size are the ve-
locity structure of the medium and the geometry of seis-
mic ray paths. Uncertainties in estimating the depth of
ray penetration were found to be secondary and primar-
ily dependent on the size of the spline approximation
time window and the definition of delay parameters.

Ultimately, the characteristic region size deter-
mines the achievable resolution in kinematic ray to-
mography. The ability to estimate this size for a given
uncertainty level is critical for the design of seismic ob-
servation networks. This makes the kinematic tomog-
raphy approach using Taylor’s approximation compa-
rable in resolution to deep seismic sounding methods,
enabling accurate modeling even with natural seismic
sources, despite the challenges posed by uneven station
and source distribution.

The findings of this study are valuable for configur-
ing observation networks and choosing parameteriza-
tion strategies in kinematic tomography. They also pro-
vide a foundation for future studies on how spline ap-
proximation settings affect modeling uncertainty, em-
phasizing the importance of balancing resolution and
stability in seismic imaging.
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Mera. OOrpyHTYBaHHS i1 KiJIbKiCHa OIliHKa Xapak-
TEPUCTUYHUX PO3MipiB obsacteii L, y Mexax SIKUX Jii-
Heapu3allisl piBHSIHHS €KOHATy MAa€ KOPEKTHE PillleH-
HSI B KOHTEKCTi KiHeMaTUYHO1 TpoMeHeBoi ToMorpadii,
1110 6a3yeThCs Ha MPUHIIMIIAX TEOMETPUYHOT ONITUKH.

Metoauka. ABTOpY BUKOPUCTOBYIOTh TE€OPETHUUHI
3acay BUBHAUYEHHSI KOPEKTHOCTI PillIeHHST CEMCMiUuHO1
3a/1a4i MEeTony KiHeMaTUYHOI ITPOMEHeBO1 ToMorpadii
Ha OCHOBI anpokcumaliiii Teiiopa B moeHaHHI 3 pery-
nsipusatiieto (meton I'eiika). st OLliHKK XapaKTepuc-
TUYHUX PO3MipiB o01acTeit 3aCTOCOBaHI MOJE/IbHI ceil-
cmiuHi npodinmi, 3okpema PANCAKE, a takox maHi
rnobaiibHOI ToMorpadii MaHTii. AHaI3 TPOBOAUBCS i3

3aCTOCYBAaHHSIM MOJe/ieil IBUAKICHOT OyIOBU 3€MHOI
Kopu i MaHTii KapnaTchbkoro perioHy 3 ypaxyBaHHSIM
TOJJOBHUX TEKTOHIYHUX OMUHUILIb.

Pe3ynbTaTi. XapakTepuCcTUYHI po3Mipu 00J1acTi Jii-
Heapu3allii, 1110 3a1al0Th PO3IIIbHY 31aTHICTb METOLY,
3HAYHO BapiloioThes — Bil ~ 0,2 KM y Kopi 10 ~ 100 kM
y MaHTii. Bu3HaueHo, 1110 i po3Mipu 3ajiexaTh, repe-
BaXKHO, BiJl reoMeTpii CEMCMIYHUX MTPOMEHIB i LIBU/I-
KiCHOI CTpyKTypH cepenoBuiia. OCHOBHUM (PaKTOPOM,
110 BILUIMBAE Ha po3Mip objacTti L, BUSIBIEHO PO3Mip
BiKHAa YacOBOTO CIUTaiiHy, SIKMII BUOMpPAEThCS TIPU
dopmyBaHHI omHOMipHUX rogorpadis y dbopmarti ce-
peaHboi Touku. BcTaHOBIEHO, 11O MOXUOKU METOAY
KiHeMaTU4YHOi ToMorpadii € moXuOKaMM OLIIHKU TJIU-
OUHU MPOHUKHEHHS pedparoBaHux npomeHin. [Toka-
3aHO, SIK 1X PO3paxoByBaTU i BUKOPMCTOBYBATH [JIsI
OLIIHKM TOYHOCTI MeToay KiHeMaTW4YHOi Tomorpadii
y ¢popMaTi ceiicCMiYHUX IIBUAKOCTEI.

HaykoBa HoBH3HA. 3aITpOITOHOBAHI KiJIbKIiCHI KpH-
Tepil TPUIATHOCTI JIiHEAapM30BAaHOTO IIiAXody OO
PO3B’sI3aHHS PiBHSIHHS eKOHATY B MeXKaX HEOTHOPII -
HUX CEPEIOBUII KiHEMAaTUIHOTO MeTomy TeiliopoBoii
anpokcuMallii. Ymoepiie po3paxoBaHa Mepexa MpoeK-
TyBaHHSI pOOIT /i1 perioHaibHOI ToMorpadii KiHema-
TUYHUM METOJOM i3 MOXXJIMBICTIO 3aBAAHHSI PO3Miib-
Hoi 31aTHOCTI. [Toka3aHO BIJIUB MOXUOOK Ha pe3ysib-
TaTu METO.Y.

IIpakTiyna 3HauuMMmicTh. Pe3ynbTatu mociimkKeHHS
MarTh BaXJIUBE MPUKIAIHE 3HAYCHHS ISl ONTUMIi3a-
111 KoHpirypaliit ceficMiYHIX MEpPEX CITOCTEPEXKEHHSI.
BoHu 103BOMSIIOTE OiTbIIT OOIPYHTOBAHO (hOPMYyBaTH
napameTpu3allito TIpu Mo0ya0Bi KiHEMaTUUHUX MOJIE-
Jieli, 3abe3mneuyoun 0ajgaHC MiXK PO3AiUIBHOIO 30aTHIC-
TIO U CTaOiNMBHICTIO pO3B’3KiB. MeToauka J03BOJISIE
MPOEKTYBATU POOOTU METOMOM KiHEMATHMYHOI TOMO-
rpacdii 3 BUKOPUCTAHHSM MPUPOJHUX IXKEpena ceii-
CMiYHUX KOJIMBaHb i3 MepeadauyBaHiCTIO B OTpPUMaHHi
pe3yJbTaTiB Ha PiBHI METOAIB INTMOMHHOTO CECMIYHO-
IO 30HIYBaHHS, HE AUBJSYKMCH HA HEPIBHUI PO3MOi-
JIOM JiKepes KOJIMBaHb i TpuiiMayiB.

KmouoBi cnoBa: xinemamuunuii memod, celicmiuna
momoepaqhis, ceticmiunuii npoghins
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