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  IMPROVEMENT OF MODELING TECHNIQUES OF TRANSIENTS IN 
TRANSFORMERS BASED ON MAGNETOELECTRIC EQUIVALENT SCHEMES

Purpose. Use of an improved numerical method of calculating transient processes in electrical circuits for modeling electro-

magnetic processes in nonlinear magneto-electric circuits, and also development of a circuit model based on this method, which 

leads to the convenience of calculation.

Methodology. Approximation of functions by Chebyshev’s polynomials, numerical methods of diff erential equations integrat-

ing, matrix methods, spline interpolation, programming, theory of electric and magnetic circuits.

Findings. On the base of the well-known method of transient process analysis in linear electric circuits, the method of nu-

merical calculation of transient processes in nonlinear magneto-electric equivalent circuits of transformer has been developed. By 

the help of the proposed method it is possible to reduce processing time for modeling electromagnetic processes in transformers. 

The example of using the developed method is shown. The computer program for modeling of electromagnetic transient in a sin-

gle-phase transformer based on the described method has been developed. This example shows reduction of processor time by 

more than four times compared to examples of calculations based on other known methods.

Originality. The method in which the solution of state diff erential equations is presented in the form of decomposition into a 

series along orthogonal Chebyshev’s polynomials is used in this work. The polynomial approximation applied in this work is not 

corresponding to the solution function itself, but its derivative, which signifi cantly reduces the error of integration of diff erential 

equations. Diff erential equations of state are transformed into linear algebraic equations for special images of solution functions. A 

principle is developed of constructing magneto-electric substitution circuits in which images of solution functions appear. Images 

of true dynamic currents and magnetic fl uxes in the proposed equivalent scheme are interpreted as direct currents and direct mag-

netic fl uxes. The used method has shown advantages in accuracy and time of simulation of electromagnetic transient over other 

known methods based on application of magneto-electric substitution circuits.

Practical value. The developed method opens up the possibility of using the apparatus of the theory of electric and magnetic 

circuits to work with images of currents and magnetic fl uxes. Based on this, a universal software complex is being developed to 

calculate transients in transformers of various constructions.

Keywords: transient electromagnetic process, diff erential equations, circuit model, polynomial approximation, Chebyshev’s polyno-
mials, transformer

Introduction. Modeling of dynamic processes in electrical 

circuits is performed by many researchers using existing soft-

ware systems, such as EMTP [1], PSpice [2], Simulink [3] and 

others. These software systems are based on equations of state 

that are automatically generated by the program according to 

Kirchhoff ’s laws for instantaneous values of variables.

For the analysis of transient electromagnetic processes in 

electric and magnetic circuits, hybrid circuits are successfully 

used by combining the magnetic and electric circuits into a 

single scheme. The combined magnetic and electric circuits 

make up the so-called “magneto-electric” circuit. Magneto-

electric circuits are characterized by the presence of controlled 

sources that mutually control each other. In this case, so-called 

“algebraic loops” are formed, which are not allowed in the cal-

culation when using EMTP, PSpice, Simulink, and others.

The studied electrical circuits of real devices usually con-

tain hundreds of diff erent elements, which leads to the large 

systems of state equations in the analysis. Transients in trans-

formers can be very long, and the simulation time of such pro-

cesses can be signifi cant, which is undesirable. Modern re-

quirements of design engineers are such that the speed of cal-

culations must be increased so that simulation in real time has 

to be possible. Therefore, an urgent task is to develop an im-

proved method for calculation of electromagnetic processes 

transient, which are faster than existing methods, stable and 

no sensitive to “algebraic loops”.

Literature review. For the analysis of transients in electrical 

circuits, numerical methods of integrating of ordinary diff er-

ential equations usually are used [4]. The same methods were 

used to analyze transient processes in electrical circuits [5] and 

magneto-electric equivalent circuits of electromagnetic devi-

ces [6]. In the work [7], the interaction of electric and mag-

netic circuits was carried out using gyrators or mutators [8], 

which transform the function of magnetic fl ux into a derivative 

of magnetic fl ux over time using capacitive elements.

The problem of increasing the rate of simulation of tran-

sients in magneto-electric substitution schemes led to the 

search of new methods for numerical integration of diff erential 

equations of state.

Work [9] describes the principle of using Chebyshev’s 

polynomials to solve ordinary diff erential equations. In work 

[10] computational features of minimization of error of ap-

proximations of functions on Chebyshev’s interpolation nodes 

are studied. The paper [11] shows the perspective of using 

Chebyshev’s polynomials for analysis of transient processes in 

transformers, and also in asynchronous motors based on mag-

neto-electric equivalent circuits. The works of many mathe-

maticians is devoted to the properties of Chebyshev’s polyno-

mials. Recently, interest in Chebyshev’s polynomials has not 

faded, as it is evidenced by work [12] or work [13]. In work 

[14], an approximation of the solution for the current function 

in the electric circuit by series of Chebyshev’s polynomials is 

used. As a result, the method is obtained that allows you to 

signifi cantly increase the simulation speed. When function is 

approximated with the help of series of Chebyshev’s polyno-

mials, the condition of the collocation method is given. This 

means that for the selected N node points with the value of 

argument-time tm, the approximated solution matches the ex-
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act solution, but some error is assumed at other points. The 

error analysis of the method was carried out in work [14], 

where it is demonstrated that the main error of the method 

arises in the calculation process of the solution derivative.

To get rid of the procedure for calculating the derivative of 

the solution based on the approximation of the solution by 

polynomials in [12], it is proposed to apply Chebyshev’s poly-

nomials not to the solution function itself, but to the derivative 

of the solution. Chebyshev’s polynomials have an important 

property of uniformity of the approximation error over the 

whole range of argument variation. The solution function itself 

can be found by applying the integration operation, which has 

a small error.

Purpose. The aim of this work is to modify a well-known 

numerical method for analyzing transients in electrical circuits 

for simulating transient of electromagnetic processes in trans-

formers based on magneto-electric equivalent schemes. A spe-

cial feature is the use of approximation of derivatives of the 

solution by Chebyshev’s polynomials, and also using of special 

value “magnetic current” − derivative of magnetic fl ux func-

tion of time. It signifi cantly reduces the simulation time on 

computer.

Results. We present a method for calculating transients in 

transformers in this paper, using the method described in [15]. 

The basics of this method are as follows.

Let us consider a simple electrical circuit that contains ele-

ments included in series: resistive (R), inductive (L). When the 

EMF source e(t) is switched on at the time t  0, a transient 

process i(t)occurs in this circuit, which is described by a linear 

diff erential equation with constant coeffi  cients

 
( )

( ) ( ).
di tL Ri t e t

dt
    (1)

The solution is defi ned in the time domain t  [a, b]. We 

use a method that eliminates the appearance of errors associ-

ated with the calculation of production. To do this, we lay out 

the series of Chebyshev’s polynomials not the solution func-

tion itself, but its derivative. Chebyshev’s polynomials are de-

termined on the segment of the argument x [1, 1]. When 

moving to the time domain t  [a, b], the values of the argu-

ment are recalculated.

As in [15], the function for the current derivative in equa-

tion (1) is approximated by series p(x) of Chebyshev’s polyno-

mials of the degree N  1.
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( )
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Let us select a series of N nodal points in the simulation 

interval. All N nodal points with the value of the argument 

tm(xm) for m  0, 1, 2, …, N  1, correspond to the values of the 

function (2): i(xm)  p(xm). As a result, we get a system of N  1 

equations. Matrix form of this system has the following view

 DC  I  I0; (3)

I  [i(x1) i(x1) … i(xN  1)]T;

I0  I for x  0.

C is the vector of coeffi  cients in equation (2)
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where T(x)  [T1(x) T2(x) … TN  1(x)] is a vector-string of 

Chebyshev’s polynomials as a function of x.

The vector of derivative values for nodal points follows 

from equation (3)

 I  DC  I0. (4)

The solution for the current function has the form

1
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The integrals of expression (5) are taken from [15] and the 

following is obtained

i(x)  (Sx(x)  Sx(x0)  (x  x0)  Tx0))  C  (x  x0)  i0  i0, (6)

where Sx(x) is a vector-string as a function of the argument x
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For N  1 nodal points with the value of the time argument 

tm, which corresponds to the moments of the given argument 

xm, which defi nes the values of function (7) as rows of the ma-

trix S.

For value x  x0 we have S  S0.

For N  1 nodal points, equation (6) is a system of equa-

tions that can be represented in matrix form

 I  V  C    i0  i0, (8)

whe re

 V  (S  S0    T0); (9)
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The diff erential equation of state for the circuit R-L-e has 

the form (1). For nodal points with the value of the time argu-

ment tm (according to xm) m  1, 2, ..., N  1 corresponds to the 

following equation in matrix form

 LI  RI  e, (11)

where e is a vector of EMF values at nodal points; I is a vector 

of current values at the nodal points; I is a vector of current 

derivative values at nodal points.

Let us substitute the expressions I (4), I (8) in equation 

(11) and get

 (L  D  R  V)  C  e  R    I0  R  i0  L  I0.   (12)

This is an expression of the second Kirchhoff  law for im-

ages C. Solution of equation (12) gives the vector C. Then, for 

known initial values of the current i0 and the derivative of the 

current i 0, it is possible to determine the current values at all 

arbitrary points x on the segment [1, 1] or at nodal points ac-

cording to (8).

Equation (12) in the work [15] is interpreted as follows: 

“Let the real current i(t) fl ow in the original branch R-L-e. 

The replacement branch corresponds to the original branch 

(Fig. 1), via the which a certain image C of the real current i(t ) 

is fl owing. The image C is a vector containing the coeffi  cients 

of expansion of the current i(t) in a series of orthogonal Che-

byshev’s polynomials. Resistive element R in the substitution 

branch has a resistance R V and a source of direct EMF hav-

ing value R  (  I0  I0) is subsequently connected with it [15, 

Fig. 1]. The inductive element L in substitution branch has a 

resistance L D, and a direct EMF source having value L I0 
connected in series with it”.

In [15], it is proved that “the fi rst Kirchhoff  law is also ob-

served in the nodes of the substitution scheme for images C”.

Thus, all images Ck of the original currents ik(t) in equiva-

lent scheme of electrical circuit satisfy to the Kirchhoff  laws. 

The state equations for the equivalent scheme for images are 

linear algebraic equations. Therefore, for known values of 

branches’ currents and their derivatives at the beginning of the 

modeled time segment [t0, tN  1], the system of equations for all 
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nodes without one and for all main circuits compiled for the 

equivalent scheme according to the fi rst Kirchhoff  law has a 

unique solution. As a result of solving a system of linear alge-

braic equations, we obtain vectors Ck (here k is the number of 

the branch) containing the values of the coeffi  cients of the 

polynomial approximation of currents for all branches.

The order of numerical calculation of the transients in mag-
neto-electric equivalent schemes based on the use of Chebyshev’s 
polynomials. In this paper, we will use magneto-electric equiv-

alent schemes (MEES) for numerical calculation of electro-

magnetic transients in transformers. A special feature of the 

MEES is the use of the concept of “magnetic current” (the 

derivative of the magnetic fl ux function of time). To solve the 

equations of state, we will use the approximation of the deriva-

tives of the solution by expansion in a series of Chebyshev’s 

polynomials. This method provides a number of signifi cant 

advantages when processes in equivalent magneto-electric 

schemes of transformer are analyzed.

Before considering the modeling of electromagnetic pro-

cesses in a transformer, we will describe the well-known prin-

ciple of MEES composition. Unifi cation of the magnetic and 

electric circuits into one, magneto-electric circuit, allows car-

rying out simultaneous research on interconnected magnetic 

and electrical processes. In the work [6], so-called magnetic 

capacitors are used, and in the work [7], gyrators are used. 

Voltage sources controlled by the help of current or magnetic 

fl ux are usually applied in magneto-electric circuits. By the 

means of them interaction between processes in the electric 

and magnetic circuits is realized.

The prin ciple of compiling MEES is shown by the exam-

ple of a coil containing Nw turns. The coil is located on a closed 

ferromagnetic core with a length of the middle line l. We be-

lieve that the magnetic permeability of the magnetic core is 

large and the whole magnetic fi eld is concentrated in it.

If you connect an alternating voltage source e(t) to the coil, 

an electric current i(t) will fl ow through the coils, and a mag-

netic fl ux Φ is created in the magnetic circuit. According to the 

law of total current

 H �  Nw  i, (13)

where H is the magnetic fi eld intensity.

Let us convert the expression (13) using the designation of 

diff erential magnetic permeability

;d dB
dH

 

 ,wd

d diN
dt dtS




�  (14)

where S is the cross-sectional area of the magnetic core; B is 

magnetic induction.

Equation (14) is presented in a new form

 ,d
w

dR N i
dt


  (15)

where i is magnetic current; R d is the diff erential magnetic 

resistance of the magnetic core
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Equation (15) could be interpreted as follows. A “magnetic 

current” fl ows through the magnetic core, whose value is equal 

to the time-dependent derivative of magnetic fl ux . In the 

works by M. Shakirov, it is proposed to use the concept of 

magnetic displacement current i  d/dt by analogy with the 

electric displacement current with density dD/dt. The term 

“magnetic current” was proposed by O. Heaviside at fi rst. Fur-

ther, the concept of magnetic current was used in the works by 

other authors for the analysis of electromagnetic processes 

based on MEES.

A coil mounted  on a ferromagnetic core could be repre-

sented as a MEES (Fig. 1). Electrical part of the MEES con-

tains an EMF source e(t), some resistance R, and a voltage 

source controlled by a derivative of the magnetic fl ux 2 with a 

coeffi  cient Nw.

The magnetic circuit contains a resistive element R d and a 

voltage source controlled by a current derivative i1’ with a coef-

fi cient Nw. The element R d has a value of diff erential magnetic 

resistance. A “magnetic current”  passes through the mag-

netic circuit.

Based on the method given in [15], the scheme in Fig. 1 is 

replaced by the scheme in Fig. 2 for images of current and 

magnetic fl ux.

A transient of electromagnetic process which occurs when 

a single-phase transformer is closed to a sinusoidal voltage 

source is studied in [6]. In this paper we used the magneto-

electric equivalent circuit of the transformer. The calculation 

was carried out using the well-known Geer numerical method. 

The calculation of derivative currents was carried out by the 

help of special diff erential circuits. Let us consider the same 

example, but we will analyze it using the method described in 

[15]. The design view in the section of a two-winding trans-

former is shown in Fig. 2 of the work [6]. In this fi gure mag-

netic fl ows fl owing in elements of magnetic core (Ф3, Ф6) and 

in gaps (Ф4, Ф5) are considered. Magnetic resistances of gaps 

(dispersion channels) Rm4, Rm5 are constant.

On the basis of the principles of construction of magneto-

electric substitution circuits for coils with ferromagnetic cores, 

the single-phase transformer is replaced by a substitution cir-

cuit, which has the view shown in Fig. 3. The substitution 

scheme takes into account the symmetry of the transformer 

design. A special feature of this scheme is that “magnetic cur-

rents” pass in the branches of the magnetic part of the circuit. 

In such a hybrid circuit the electric and magnet branches are 

presented. Electric currents fl ow through the electric branch-

es, and “magnetic currents” pass through the magnetic 

branches − time-derivative of magnetic fl uxes. The use of 

magnetic currents made it possible to stop using gyrators [9] or 

mutators [10], which, using capacitive elements, transformed 

the function of magnetic fl ux into a derivative of magnetic fl ux 

over time. The scheme is simplifi ed due to exclusion of ca-

pacitive diff erentiating circuits used in the work [6].

Fig. 1. Magneto-electric scheme of interaction of current and 
magnetic fl ux into the coil located on a ferromagnetic core

Fig. 2. Magneto-electric scheme of interaction images of current 
and magnetic fl ux into the coil located on a ferromagnetic 
core
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Magnetic fl uxes in the magnetic branch cause magnetic 

voltage drops which are equal to product of magnetic-fi eld in-

tensity H and the length of magnetic branch l.
The system of equations compiled according to the Kirch-

hoff  laws for the circuit shown in Fig. 3 will take the form
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Fig. 4 shows the MEES of  the single-phase transformer for 

images of electrical and magnetic currents according to the 

principles stated in work [15].

For the scheme in Fig. 4, the system of equations com-

posed for images of electric and magnetic currents will take the 

form
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where Kn is the normalization coeffi  cient associated with re-

placing the argument t by x.

In matrix form, the system (18) has the form

 Z  C  F, (19)

where according to (18)
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C  [C1 C2 C3 C4 C5 C6]
T.

The solution of equation (19) can be found as

 C  Z1  F. (22)

To reduce the error on large intervals of simulation time, 

all the simulation time is divided into Nu intervals and equation 

(22) is solved at each interval. An iterative cycle is organized at 

each interval for sequential recalculation of the values of mag-

netic resistances basing on the magnetization curve. The mag-

netization curve is set by arrays of values B, H, and the calcula-

tion uses spline interpolation, which is worked out by Carl de 

Boor [16]. Usually 5–7 iterations are enough for the calcula-

tion error to be practically acceptable, i.e. the maximum error 

does not exceed 2 %. If the number of iterations exceeds the 

specifi ed maximum value, the current time interval τ is re-

duced by half. If the number of iterations becomes less than 

the specifi ed minimum number during the specifi ed number 

of steps, the time interval is doubled in the computer program. 

The maximum value of the iterations number is set by selec-

tion based on the actual simulation time and calculation error.

Calculation algorithm and the computer program 

Tr1_VDW_C were created according to the developed meth-

od. The simulation results are shown in Fig. 5.

a

b

Fig. 3. MEES of a single-phase transformer:
a – magnetic circuit; b – primary winding, with a voltage source; 
c – secondary winding with load resistance

a

b

Fig. 4. MEES of a single-phase transformer for images of cur-
rents and magnetic fl uxes:
a − magnetic circuit; b – primary winding with EMF source; c – 
secondary winding with load resistance
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It is seen from Fig. 5 that scheme in the transformer is a 

very long one. At the initial moment the magnetic circuit en-

ters in saturation and the current value in the windings is in 

many times greater than it value in the steady state. The cur-

rent waveform is much distorted. In the steady-state mode, the 

current waveform becomes a sinusoidal one. However, the cal-

culation with the help of the proposed method is more quick-

acting if it has the same accuracy.

Concl usions. The calculation of transients in electromag-

netic devices based on magneto-electric equivalent schemes 

reduces to solving a system of diff erential-algebraic equations 

of state. A feature of the MEES used in this work is the apply-

ing of the concept of “magnetic current” − the time derivative 

of the magnetic fl ux. The proposed method allows reducing the 

diff erential equations of state to algebraic equations. The meth-

od is based  on approximation of the derivative of the solution 

by Chebyshev’s polynomials. This representation is well suited 

for the approximation of the magnetic currents by MEES. It is 

proposed to use a special equivalent scheme of electric and 

magnetic currents’ images for creating equations of state for 

images of currents. Computer program for modeling the tran-

sients in a transformer was developed to demonstrate the meth-

od and verify its adequacy. Comparison of the processor time 

for calculating the transient process, when the transformer is 

switched on, using the proposed method and the Geer method 

described in [6] has showed that for the same set error, the pro-

posed method has reduced the processor time by four times.
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Удосконалення методів моделювання 
перехідних процесів у трансформаторах 

на основі магнітоелектричних схем заміщення
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Мета. Застосування вдосконаленого числового мето-

ду розрахунку перехідних процесів в електричних колах 

a

b

Fig. 5. Dependence of primary winding current on time:
a − in the initial section of the transient; b − in the section of the 
steady-state process
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для моделювання електромагнітних процесів у неліній-

них магнітоелектричних колах, а також розробка схемної 

моделі методу, що приводить до зручності розрахунку.

Методика. Апроксимація функцій поліномами Чеби-

шева, числові методи інтегрування диференціальних рів-

нянь, матричні методи, сплайн-інтерполяція, програму-

вання, теорія електричних і магнітних кіл.

Результати. На основі відомого методу аналізу пере-

хідних процесів у лінійних електричних колах розробле-

но метод числового розрахунку перехідних процесів у не-

лінійних магнітоелектричних схемах заміщення транс-

форматорів. Запропонований метод дозволяє скоротити 

процесорний час при моделюванні електромагнітних 

процесів у трансформаторах. Показано приклад застосу-

вання розробленого методу. На підставі описаного мето-

ду розроблена комп’ютерна програма для моделювання 

перехідного електромагнітного процесу в однофазному 

трансформаторі. Даний приклад показав скорочення 

процесорного часу більш ніж у чотири рази в порівнянні 

з прикладами розрахунків, виконаними на підставі ін-

ших відомих методів.

Наукова новизна. У даній роботі використовується 

метод, в якому рішення диференціальних рівнянь стану 

представлено у вигляді розкладання в ряд за ортогональ-

ними поліномами Чебишева. У роботі застосована полі-

номіальна апроксимація не самої функції рішення, а її 

похідної, що значно знижує похибку інтегрування дифе-

ренціальних рівнянь. Диференціальні рівняння стану пе-

ретворюються в лінійні алгебраїчні рівняння для спеці-

альних зображень функцій рішення. Розроблено прин-

цип побудови магнітоелектричних схем заміщення, в 

яких фігурують зображення функцій рішення. Зобра-

ження істинних динамічних струмів і магнітних потоків у 

запропонованій схемі заміщення інтерпретуються як по-

стійні струми й постійні магнітні потоки. Використаний 

метод показав переваги в точності й часі моделювання 

перехідних електромагнітних процесів перед іншими ві-

домими методами, заснованими на застосуванні магні-

тоелектричних схем заміщення.

Практична значимість. Розроблений метод відкриває 

можливість використання апарату теорії електричних і 

магнітних кіл для роботи із зображеннями струмів і маг-

нітних потоків. Розроблена комп’ютерна програма для 

аналізу перехідних процесів в однофазному трансформа-

торі. На підставі цього розробляється універсальний про-

грамний комплекс для розрахунку перехідних процесів у 

трансформаторах різних конструкцій.

Ключові слова: перехідний електромагнітний процес, 
диференціальні рівняння, схемна модель, поліноміальна 
апроксимація, поліноми Чебишева, трансформатор
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