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Energy-saving tachograms of acceleration (deceleration) 
of a  frequency-regulated asynchronous engine

Purpose. Finding energy-saving speed trajectories in the acceleration and braking modes for a range of supernormal speeds of 
a short-circuited frequency-regulated asynchronous engine in the acceleration and deceleration regimes as well as examining the 
total energy losses of this engine in these modes by the example of machine and traction drives.

Methodology. Methods of variational calculus, Runge-Kutta, mathematical interpolation and computer modeling are used.
Findings. Analytic dependencies are obtained for calculating the total energy losses for a frequency-regulated asynchronous 

engine (FRAE) under conditions of acceleration and deceleration in the range of its super-nominal velocities. A quantitative esti­
mation of these energy losses for a given engine in this speed range is made with respect to the constant and traction loads for the 
proposed energy-saving and known (linear and parabolic) velocity trajectories. Electromechanical and energy transitional pro­
cesses in the range of super-nominal speeds for acceleration and deceleration regimes with the traction load were investigated.

Originality. For the first time, an energy-saving (called “quasi-optimal”) trajectory of speed variation at supernormal FRAE 
speeds is proposed, which allows minimizing the general main engine energy losses in the acceleration and braking modes with 
constant and traction loads. For the first time, a quantitative estimate of the minimum possible common main losses of this engine 
in the modes of acceleration and braking in the range of super-nominal velocities for the proposed energy saving velocity trajec­
tory and a comparison of these losses to linear and parabolic tachograms.

Practical value. The use of the obtained results allows reducing unproductive losses of energy in the modes of acceleration and 
braking of the FRAE at super-nominal speeds with constant and traction loads.
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Introduction. Industrial production of frequency-con­
trolled asynchronous engines with increased (more than three 
times) rotation speed and increased torque (up to two-three 
times increase compared to its nominal value) are widely used 
in various branches of agriculture (mechanical engineering, 
metallurgy, electric transport, etc.). Considering the rise in the 
electrical energy price observed in Ukraine and all over the 
world, leads to a decrease in energy losses when operating in 
the super-nominal speed (SNS) range as being topical in-
trend practice.

Literature review. From the analysis of domestic and for­
eign scientific and technical literature, it has been found that in 
the majority of well-known publications devoted to the study 
of the attenuation regimes of the magnetic field of a frequency-
regulated asynchronous engine (FRAE), the problem of maxi­
mizing its torque is solved. Namely: in [1] – due to the use of 
a rational algorithm for modulating the output voltage of the 
inverter supplying the FRAE; in [2] – the choice of the re­
quired value of the stator dissipation inductance of the engine; 
in [3, 4] – by use, respectively, of direct or predictive FRAE 
vector control. In the rest of the well-known publications, 
considering the established and transient modes of operation 
of this engine under SNS, the following are proposed and in­
vestigated: in [5] – controlling FRAE at maximum values of its 
efficiency factor; in [6, 7] – improving the speed of traction 
FRAE (functioning, as is well known, for the main time in 
SNS) as applied to electric vehicles and electric trains, respec­
tively; in [8, 9] and article: Haddoun A., Benbouzid M., Di­
allo D., Abdessemed R., Ghouili J., Srairi K. A Loss-Minimi­
zation DTC Scheme for EV Induction Motors, – reduction of 

power consumption in traction FRAE, respectively, for the 
electric train, tram and electric vehicle, achieved when using 
energy-saving trajectories of their movement. The analysis of 
these publications suggests that nowadays in the existing scien­
tific and technical literature not enough attention has been 
paid to the study of the energy saving trajectories of the FRAE 
under its acceleration and deceleration regimes in the SNS 
range.

Purpose. The purpose of the article is to find energy-saving 
speed trajectories for super nominal speeds of a short-circuited 
FRAE under acceleration and deceleration regimes and to re­
search the total energy losses of this engine in these modes us­
ing the example of machine and traction drives.

Results. The following assumptions were made:
- the generally accepted idealized representation of the 

three-phase FRAE are supplemented by taking into account 
the power loss in the steel of this engine [10];

- it is proposed to use a vector type of automatic control 
system (ACS) for an electric drive, which provides separate 
regulation of the magnetizing I1x and active I1y components 
(projections) of the generalized vector of the static current 1I  
(formed by the main harmonic components of the phase stator 
currents) of the engine on the axis of the rotating orthogonal 
coordinate system “x–y”, connected by the real axis “x” with 
the generalized flux linkage vector of the rY  FRAE;

- we neglect the free (damped) components of the stator 
currents in the acceleration and braking modes (which is pos­
sible in practice with regard to the use of the vector ACS be­
cause of their high speed and accuracy) [8];

- the object of the study for machine and traction electric 
drives was: acceleration regimes of the FRAE from nominal 
synchronous wn to maximum speed wm and electric braking 
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from maximum wm to nominal synchronous speed wn to nom­
inal value: Ery = w1n ⋅ Yrn (where Yr and Yrn are respectively the 
current and nominal values of the generalized flux linkage vec­
tor of the rotor rY  FRAE; w1 and w1n are the current and 
nominal values of the angular frequencies s motor stator;

- for traction drive, there was no slip between the driving 
wheels and the road surface;

- FRAE parameters (the active resistances of which were 
reduced to a temperature of 115 °C) and the values of the iner­
tia moment of the drive J driven to the motor shaft were as­
sumed to be unchanged (presented in Table 1);

- only the main components of the total power losses and 
the energy of the FRAE, caused by the main (first) harmonic 
components of the phase stator currents [10]), were consid­
ered;

- mathematical dependencies and subsequent calculations 
are given in the relative system of units common to AC ma­
chines [10] (in which the nominal values of the stator frequen­
cy w1n and the rotor synchronous speed wn, as is known, are 
equal to one unit, and the maximum speed wm for the consid­
ered FRAE, according to Table 1, is 4000/1500 = 2.677 p. u.).

At the first stage, taking into account the accepted assump­
tions, we obtain analytical calculated dependences for deter­
mining the total main power and energy losses of the FRAE 
operating in the SNS.

As the initial dependencies for finding the total main pow­
er loss (TMPL) DPen and the main electromagnetic energy loss 
(MEEL) DWa and DWd of this engine during acceleration and 
deceleration, we use the expressions from [10]
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in which I1x and I1y are the magnetizing and active projections 
of the generalized vector 1I  of the stator current of the engine, 

created by the first harmonic components of its phase stator 
currents; Ym and Ymn are, respectively, the current and nomi­
nal values of the module of the generalized magnetic flux vec­
tor mY  in the engine air gap; w1 is angular frequency of rota­
tion of the magnetic flux of the engine; Rs, Rr and kr are, re­
spectively, the active resistance of the stator and rotor windings 
of the FRAE, the coupling coefficient of the engine rotor; Pn 
and hn are the nominal values, respectively, of the useful pow­
er on the shaft and the efficiency of the engine; DPst.n and 
DPmeh.n are nominal values, respectively, of power losses in 
steel and mechanical losses of the engine; l is the coefficient 
taking into account the dependence of losses in FRAE steel on 
the frequency w1 of changes in the magnetic flux of the engine 
(l = 1.3 [10]); ta and td are the duration of the times of accel­
eration and braking modes, respectively; t is the current time, 
counted from the beginning and during the considered modes 
of acceleration and deceleration: 0 ≤ t ≤ ta and 0 ≤ t ≤ td.

Taking into account the known (for example, from the 
mentioned book by Pivnyak G. G. and others) the calculated 
dependences for the module I1, magnetizing I1x and active I1y 
projections of the stator current
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(where Lm and Tr = Lm/krRr are, respectively, the inductance of 
magnetization and the electromagnetic constant of the time of 
the rotor of the engine) and approximately increasing ratio

	 (Ym/Ymn)2  (Yr/Yrn)2,	 (4)

we convert the dependence (1) in mind
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In expressions (3–5), the following notation is used: Y′r is 
the derivative of the modulus of the generalized rotor flux vec­
tor over time, M is the electromagnetic moment of the FRAE. 
The coefficients a, b, c in expression (5) are calculated from 
the relations

( )
( )

2
.

2 2
.

0.005 ,
.

0.005 ,
s n n m meh n

s n n r r r st n

a R P L d P

b R P k R k c P

= + h = D 


= + h + = D 

Based on the accepted assumption of maintaining the ra­
tios: w1Yr = w1nYrn = const during acceleration and decelera­
tion of the FRAE in the SNS range, we find for this frequency 
range | w1 | > w1n = 1 p. u. dependencies for changing the modu­
lus of the rotor flux linkage and its time derivative of the sta­
tor’s angular frequency

	 2
1 1 1and ,r rn r rn′ ′Y = Y w Y = -Y ⋅w w 	 (6)

where w′1 is the derivative of frequency w1 over time.
Taking into account the known relation for the electro­

magnetic moment [10]

	 M = Mr + Jw′,	 (7)

(in which w′ is the derivative of the velocity with regard to 
time), taking into account (6) we will put the dependence of 
(5) in the form of the function on two variables w1 and w
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Moreover, the difference between these variables w1 and w, 
referred to the nominal value of the angular frequency of the 

Table 1
Nominal parameters of the engine and drive

The name of the parameter, measurements Value

I Engine АТ 250 L4U2:

power, kW 120

active line voltage, V 400

stator frequency, Hz 50

nominal/maximum speed, rpm 1500/4000

slip, % 1.5

torque (Mn), Nm 780

multiplicity of starting moment 1.8

multiplicity of the maximum moment 3.5

coefficient of performance, % 94

power factor 0.91

II Machine drive (model 7B-220-6)

the multiplicity of the static moment (Mr /Mn) during 
the reverse course of the table

0.2

given moment of inertia, kg ⋅ m2 3.84

III Traction drive (model ZIU 582G–012)

maximal
values:

trolley speed, km/h 60

longitudinal slope, % 8

the mass of the trolley, t 18.2
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stator w1n, in the frequency control of the FRAE is called ab­
solute slip
	 b = (w1 - w)/w1n = w1 - w,	 (9)

and may exceed, as shown below, when the SNS is several 
times the nominal slip of the FRAE.

For an exact calculation of the TMPL DPem for the FRAE 
in the considered modes, we transform the dependence (8) (by 
eliminating the assumption made in (4) by introducing into 
the last but one term, according to (1), the correction factor 
kY) into the form
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The coefficient kY is calculated (taking into account (3) 
and the mentioned book by Pivnyak G.G.) in the form
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where Lsr is the leakage inductance of the engine rotor; index 
“n” denotes the values related to the nominal mode of opera­
tion of the FRAE.

Based on (6, 7), we define (according to the book by Piv­
nyak G. G. and others) from the relationship

	 2 2 2
1 , where ,r r r rnR M R Mb = ⋅ Y = t⋅w t = ⋅ Y 	 (12)

the current value of the absolute slip of the FRAE in the con­
sidered regime of acceleration or deceleration in the SNS. As 
follows from (12), the signs for absolute slip b and coefficient t 
are determined by the sign of the developed electromagnetic 
torque M of the engine. With positive values of speed this sign 
is: positive – in the engine and negative – in the generator 
mode of the FRAE operation.

Substituting the first relation from (12) into expression (9), 
after equivalent transformations, we obtain an algebraic equa­
tion of the form

2
1 1 0,w - w t + w t =

the solution for which is the dependency

	 ( )1 1 1 4 2 .w = - - ⋅t⋅w t 	 (13)

Substituting this solution in (12), we will find the calcu­
lated dependence for the absolute slip b of the FRAE in the 
considered regimes

	 ( )2
1 1 4 4 .b = - - ⋅t⋅w t 	 (14)

For the given tachogram w(t) of the FRAE, taking into ac­
count (9, 14), we calculate the current value of the angular fre­
quency w1(t) of the motor stator acceleration and braking 
modes, corresponding to the tachogram, for SNS

	 w1(t) = w(t) + b.	 (15)

Through the value w of the rotor speed and the current 
value w1 of the stator frequency calculated from (15), the cur­
rent TMPL values DPem for the FRAE are calculated from 
(10), through which from the ratios in (2) the MEEL values 
DWa and DWd are found for this engine also in acceleration and 
braking modes.

At the second stage, we will determine the type of energy-
saving paths of the FRAE speed w for the SNS range under 
study in acceleration and braking modes at a constant value 
(Mr = const) of the static moment of the machine drive (using 
the example of the reverse motion of the main table drive for 
heavy metal-working longitudinal planing machine of 7B-
220-6 type after carrying out the modernization in it, associ­
ated with the replacement of the DC motor on the FRAE).

By the energy-saving trajectory of the change of the speed 
of an FRAE, we will further understand this type of its change 
during acceleration or deceleration in the range of the SNS, 
which ensures minimization of the MEEL mino

a aW WD = D =  
and mino

d dW WD = D =  for the SNS, calculated from depen­
dencies (2). At the same time, it is known from the theory of 
variational calculus (for example, from the book by Andree­
va V. A., Tsirulyova V. M. Variational calculus and optimiza­
tion methods) that when minimizing the integrals from (2), 
the integrand function DPen for them should follow the Euler 
equation for each variable in this function.

According to the above, we write the Euler equation for the 
TMPL DPen function from (8) with reference to the variable in 
it w
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where w′′ is the second derivative of the speed with respect to 
time.

Substituting the value of the function DPen from (8) into 
equation (16) and calculating (for Mr = const) the analytical 
expressions of partial derivatives for it, we transform, taking 
into account w1  w, the Euler equation (16) to the form

	 2 2, w ere .h rnK K d bJ′′w ≈ w = ⋅Y 	 (17)

The differential equation from (17) is non-linear and 
therefore, as is well known, it does not have an exact analytical 
solution. As follows from finding the exact solution of this 
equation using the Runge-Kutta method, for the considered 
initial and final conditions, it can be interpolated (with a rela­
tive standard deviation of less than 1.1 %) with energy-saving 
paths of the FRAE velocity, “Quasi-optimal”:
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or convex shape
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The first dependences in (18, 19) correspond to the accel­
eration, and the second ones – to the deceleration.

In these dependencies, the value of the correction coefficient 
x* corresponds to the minimum possible value from (2) MEEL 
for FRAE, found using the updated value (10) for the MEEL and 
accurate determination of the angular frequency w1 value in it.

According to the calculation results from (2, 10), the fol­
lowing relations are constructed in the form of graphs: in 
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Fig.  1  – the dependences of the MEEL DWa, DWd; in 
Fig.  2,  a  – the change in the correction factor x* for the 
FRAE  – by varying the durations of the acceleration ta and 
deceleration td time of the machine drive (with Mr/Mn = 0.2) in 
the considered range of the SNS. In these and subsequent Fig­
ures, curves 1 and 2 refer to quasi-optimal tachograms, respec­
tively, of concave and convex shapes, curves 3 and 4, to a para­
bolic type of tachograms, respectively, of concave and convex 
shapes, and curves 5, to linear tachograms.

For these durations of acceleration and deceleration time, 
Table 2 gives the MEEL values DWa and DWd calculated from 
(2) as well as the calculated specific energy losses Dpa and Dpd 
for the FRAE when moving aa и ad its rotor in these modes
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At the third stage, we find the type of energy saving paths of 
FRAE speeds during acceleration and deceleration in the con­
sidered SNS range with respect to the electric traction drive 

(for example, for the ZiU 682G – 012 urban trolleybus after its 
modernization related to traction DC engine on the FRAE).

Let us cite (from the book by Rosenfeld V. Ye., Isaev I. P., 
Sidorov N. N. Theory of electric traction) the basic mathe­
matical relations (in absolute units) for the trolleybus traction 
drive
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where Ft and Fr are forces of, respectively, thrust and the main 
resistance to movement, N; v[km/h] and v[m/s] are the speed 
of the trolleybus, expressed in (km/h) or (m/s), respectively; e 
is the ratio between the angular frequency of the rotor of the 
engine and the speed of the trolleybus, rad/m; v′ is time veloc­
ity, m/s2; M and w are, respectively, the electromagnetic mo­
ment [Nm] and the rotor speed [rad/s] of the traction motor; 
Mr is static moment of resistance [Nm], reduced to the motor 

a b

Fig. 1. Dependences of the MEEL DWa, DWd  for FRAE in machine drive ( for Mr /Mn = 0.2) with varying durations of acceleration (a) 
and deceleration time (b) for:
1 and 2 – quasi-optimal concave and convex; 3 and 4 – parabolic concave and convex; 5 – linear tachograms

a b

Fig. 2. Dependencies x*(ta,d) for machine (a) and traction (b) drives:
1 – for concave and 2 – for convex quasi-optimal tachograms (solid line – during acceleration, dotted line – during deceleration)

Table 2
MEEL values DWa, DWd and specific energy losses Dpa, Dpd during acceleration and braking modes in machine 

(with Mr /Mn = 0.2 and ta = td = 4 s) and traction (with m = 18.2, i = 0.02 and ta = td = 25 s) drives

Tachogram view
Values DWa, DWd, p. u. and Dpa, Dpd, p. u. 

Machine drive (with K = 1.339 ⋅ 10-6) Traction drive (with K = 1.615 ⋅ 10-8)

Regime Acceleration Deceleration Acceleration Deceleration

Values *
1x  and *

2x * *
1 20.65, 0.05x = x = * *

1 20.76, 0.05x = x = * *
1 20.9, 0.01x = x = * *

1 21.0, 0.01x = x =

Magnitude DWa Dpa DWd Dpd DWa Dpa DWd Dpd

Quasi-opt. (concave) 104.8 0.0470 26.99 0.0120 543.4 0.0440 157.1 0.0126

Quasi-opt. (convex) 105.1 0.0438 27.53 0.0122 544.8 0.0431 159.1 0.0128

Parabolic (concave) 107.9 0.0552 29.13 0.0149 563.5 0.0510 172.6 0.0156

Parabolic (convex) 116.1 0.0456 38.44 0.0145 600.9 0.0422 214.3 0.0150

Linear 105.1 0.0438 27.53 0.0122 544.8 0.0431 159.1 0.0128
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shaft; m is the total mass of the trolley, kg; hm is the coefficient 
of performance (efficiency) of the driving mechanism of the 
trolleybus, %; a and i are respectively, the angle of ascent/de­
scent [deg] and longitudinal slope, %; g = 9.81 m/s2 is accel­
eration of free fall; g = (1.15–1.2) is the coefficient taking into 
account the reduction of the kinetic energy of all rotating parts 
of the traction drive (wheel sets, mechanical couplings, gears 
of the gearbox, propeller shaft and the engine rotor) to an 
equivalent mass equal m(1 + g) to the forward movement of the 
trolleybus.

We write the kinetic energy of a moving trolleybus in the 
form of two equivalent expressions

	
( ) 2

2 2 2
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where the first corresponds to the reduction of all moving parts 
of the drive train to the forward movement, and the second – 
to the reduction of all translational and rotationally moving 
parts of the drive to the engine shaft. Equating to each other 
the equalities of (22), we determine the value of the moment of 
inertia of the trolleybus drive reduced to the shaft of the trac­
tion engine

	 J = m(1 + g) ⋅ v2[m/s]/w2[rad/s] = m(1 + g)/e2.	 (23)

After transferring of the absolute values w, Mr and J calcu­
lated from (21, 23) from the absolute system of units to the 
relative one and their subsequent substitution into expressions 
(8, 10), it becomes possible to determine the current values ​​of 
the MEEL for FRAE in acceleration and braking modes in the 
SNS range from these expressions. In comparison with the 
previously considered constant load applied to the machine 
drive, the traction drive feature, taking into account (21), is 
the variable value of its resistance moment Mr from the slope i 
of the roadbed and the speed rotor w of the FRAE
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where Mb and wb = 100p/zp are the basic values of the electro­
magnetic moment [Nm] and the rotor speed [rad/s] of the en­
gine, respectively; zp is the number of pairs of fields of the en­
gine (for the considered FRAE: zp = 2); hm = 92.8 % is the aver­
age efficiency of the trolleybus driving mechanism (according 
to the book by Rosenfeld V.E. and others, its current value for 
a trolleybus varies depending on the load from 89.8 to 95.8 %). 
The values w, Mr, Mro and q are given in (24) in relative units, 
and the values of m and e – in kg and rad/m respectively. For 
the maximum mass of the trolleybus and the longitudinal axis 
equal to 2 %, the following values correspond: Mro = 0.2743 
and q = 0.01736 p. u.

From (24), the dependence of the static moment Mr of the 
FRAE on the values of the speeds of the trolleybus v and the 
engine w were calculated in the SNS range and plotted in 
Fig. 3 in the form of graphs. Substituting the value for the mo­
ment of resistance Mr from (24) into expression (8), and then 

this expression into equation (16), we transform the last ex­
pression obtained taking into account w1  w the form

	 w′′  K/w + 2Mroqw/J 2 + 2q2w3/J 2. 	 (25)

Due to the nonlinear form of the obtained second-order 
differential (25), it does not have an exact analytical solution. 
As research studies of the exact solutions of this equation ob­
tained by the Runge-Kutta method showed, they can be inter­
polated (with a standard deviation of less than 0.6 %) with 
analytical dependencies (18, 19) in the form of temporary 
functions of the hyperbolic sinus, containing the correction 
factor x* in their arguments, minimizing the values of the 
MEEL for the FRAE for any given value of the durations of 
time ta and td. Graphic dependencies for the coefficient x* are 
shown for Fig. 2, b.

For traction load (at m = 18.2t, i = 0.02, nm = 50 km/h and 
durations of acceleration ta and deceleration td time of FRAE, 
equal to 25 s) there are calculated from dependencies (3, 7, 11, 
14, 15, 18, 19, 23 and 24) transient electromechanical process­
es (speed w, absolute slip b, rotor flow coupling module Yr, 
electromagnetic moment M, module of generalized stator cur­
rent vector I1, coefficient kY) and calculated from expressions 
(2, 10) transient energy processes (total main power DPen and 
energy losses DWa, DWd), which are shown in Fig. 4.

For the indicated durations of the acceleration and decel­
eration times, the values DWa, DWd of the MEEL and the spe­
cific energy losses calculated by relations (20) Dpa and Dpd 
FRAE are presented in Table 2. According to the results, the 
calculations from (2, 10) are plotted in Fig. 5 for the MEEL 
graphs for this FRAE with traction load for the durations of 
acceleration ta and deceleration td time.

At the fourth stage, we analyze the data from Tables 2 and 
3, the graphs in Figs. 1, 4 and 5:

- the smallest values of MEEL during acceleration and de­
celeration of the FRAE in the SNS range are inherent in the 
quasi-minimal tachograms (TG): convex (at , ,

o
a d a dt t≤ ) or 

concave (at , ,
o

a d a dt t> ) shape, where ,
o
a dt  are optimal (Table 3) 

values of acceleration (deceleration) time, corresponding to 
the minimum value of the MEEL for the FRAE; moreover, we 
note that with , ,

o
a d a dt t>  a quasi-optimal TG of a convex shape, 

it virtually coincides with the linear TG;
- parabolic and quasi-optimal TG of a concave form may 

not be applicable in practice during acceleration of the FRAE 
because of the incomparably high values of the motor’s stator 
current (with this taken into account, the smallest MEELs 
during acceleration are actually achieved due to quasi-optimal 
convex or linear tachograms);

- the smallest values of the stator current during accelera­
tion are characteristic of a parabolic TG of a convex shape 
(which in this regime always has the highest values of MEEL 
among all considered types of TG);

- under deceleration regimes, all investigated types of TG 
are applicable for FRAE (with the lowest values of MEEL 
and engine stator current inherent in a quasi-optimal TG of a 
concave shape, and the largest – a parabolic TG of convex 
shape).

For the transition in quantitative assessment of electro­
mechanical and energy processes from relative to absolute 
values, the values obtained in relative units should be multi­
plied by the corresponding basic values presented for the 
FRAE in Table 4.

Conclusions.
1. The energy saving (called “quasi-optimal”) trajectories 

of the FRAE speed trajectory in the range of super-nominal 
speeds obtained in the form of dependences (18, 19) minimize 
the total main energy losses of this engine in acceleration and 
braking modes with constant and traction loads. At the same 
time, in the specified speed range, the transition from the 
known parabolic type of trajectories of speed to the quasi-op­

Fig. 3. Static load characteristics of the FRAE under SNS for 
traction drive (bold dotted line shows dependency: wMr = Pn)
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a

b

Fig. 4. Electromechanical and energy transients of the FRAE in the traction drive ( for ta = td = 25 s, m = 18.2t, i = 0.02, nm = 50 km/h) 
during acceleration (a) and deceleration (b) for:
1 and 2 – quasi-optimal concave and convex; 3 and 4 – parabolic concave and convex; 5 – linear tachograms

Table 3

Values of optimal time ,
o
a dt  and MEEL o

aWD , o
dWD  for FRAE, corresponding to Figs. 1, a, b and Figs. 5, a, b

Number of Figs.
Number of curves o

at
o
dt

o
aWD o

dWD

units s s p.u. p.u.

1, a, b (machine drive) 1.5 2.36 2.19 96.50 17.51

2 2.25 2.12 96.00 17.12

3 3.22 2.90 106.2 26.09

4 2.27 2.08 104.8 25.13

5, a, b (traction drive) 1.5 14.7 13.8 498.3 106.7

2 14.2 13.4 496.0 105.2

3 19.5 17.8 551.7 154.2

4 14.7 13.5 545.3 149.9

timal trajectory allows (for example, traction drive) saving 
losses of engine energy from 4 to 10 % – when accelerating or 
from 9 to 27 % – when deceleration.

2. For the first time, the obtained analytical dependen­
cies (13, 14) make it possible to determine the current val­
ues of the absolute slip b and stator angular frequency w1 
while weakening the magnetic field of the FRAE in the 

modes of its acceleration and deceleration at super nominal 
speeds.

3. The proposed dependences from (24) allow calculating the 
static load characteristic Mr(w) of the traction engine through the 
mass load and speed of the trolleybus, the slope of the roadway, 
whereas the third ratio from (21) allows finding traction force Ft of 
the trolley bus through the current value of the engine moment M.
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4. “U”-shaped type of MEEL dependencies for the FRAE 
on the durations of acceleration and deceleration times in the 
SNS range is determined (according to Figs. 1 and 5), which in­
dicates the presence of certain values ​​of the durations of accelera­
tion and deceleration time, at which these losses are minimal for 
all researched types (linear, parabolic and quasi-optimal) of 
speed trajectories. With energy saving (quasi-optimal and linear) 
speed trajectories, the transition to optimal lengths of accelera­
tion and deceleration time allows, in the SNS range, decreasing 
MEEL values additionally for the FRAE with traction load (by 
20 % during acceleration and by 50 % during deceleration).

5. It was revealed (according to Table 2) that the smallest 
ratios Dpa and Dpd from (20) between MEEL DWa, DWd and 
movements aa, ad of the shaft of the FRAE (the latter are di­
rectly proportional to the movement of the trolleybus) are 
characterized: during acceleration – by a quasi-optimal con­
vex shape and linear TG, and when decelerating – by quasi-
optimal concave shape TG.
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Енергозберігаючі тахограми розгону 
(гальмування) частотно-регульованого 

асинхронного двигуна
В. О. Волков

Національний технічний університет „Дніпровська полі­
техніка“, м. Дніпро, Україна, e-mail: green_stone@ukr.net

Мета. Знаходження для діапазону сверхномінальних 
швидкостей короткозамкненого частотно-регульованого 
асинхронного двигуна енергозберігаючих траєкторій 
швидкості в режимах розгону й гальмування та дослі­
дження загальних втрат енергії зазначеного двигуна в цих 
режимах на прикладі верстатного й тягового приводів.

Методика. Використані методи: варіаційного числен­
ня, Рунге-Кутта, математичної інтерполяції та комп’ю­
терного моделювання.

Результати. Отримані аналітичні залежності для роз­
рахунку загальних втрат енергії для частотно-регульова­
ного асинхронного двигуна (ЧРАД) за режимів розгону й 
гальмування в діапазоні його сверхномінальних швидко­
стей. Виконана кількісна оцінка цих втрат енергії для да­
ного двигуна в зазначеному діапазоні швидкостей сто­
совно до постійного й тягового навантажень для запро­
понованої енергозберігаючої та відомих (лінійного й па­
раболічного виду) траєкторій швидкості. Досліджені 
електромеханічні та енергетичні перехідні процеси ЧРАД 
у діапазоні сверхномінальних швидкостей для режимів 
розгону й гальмування з тяговим навантаженням.

Наукова новизна. Уперше запропонована енергозбе­
рігаюча (названа „квазіоптимальною“) траєкторія зміни 

a b

Fig. 5. Dependences of the MEEL DWa value for the FRAE with traction load at varying the durations of acceleration (a) and dece
leration time (b) for:
1 and 2 – quasi-optimal concave and convex; 3 and 4 – parabolic concave and convex; 5 – linear tachograms

Table 4
Basic values of engine magnitudes

Magnitude I1 M, Mr Y w1 w P, DP DW Rs, Rr L J t

Dimension А Nm WB rad/s rad/s kW J Om mH kg·m2 s

Values 286.4 893 1.039 100p 50p 140.27 446.4 1.1402 3.65 0,0181 0.01/p
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швидкості ЧРАД при сверхномінальних швидкостях, що 
дозволяє мінімізувати загальні основні втрати енергії 
двигуна в режимах розгону й гальмування з постійним і 
тяговим навантаженнями. Уперше виконана кількісна 
оцінка мінімально можливих загальних основних втрат 
енергії цього двигуна в режимах розгону й гальмування в 
діапазоні сверхномінальних швидкостей для запропоно­
ваної енергозберігаючої траєкторії швидкості та порів­
няння цих втрат з лінійною й параболічною тахограмами.

Практична значимість. Використання отриманих ре­
зультатів дозволяє зменшити непродуктивні втрати енер­
гії в режимах розгону й гальмування ЧРАД при сверхно­
мінальних швидкостях з постійним і тяговим наванта­
женнями.

Ключові слова: частотне регулювання, асинхронний 
двигун, сверхномінальна швидкість, енергозбереження

Энергосберегающие тахограммы разгона 
(торможения) частотно-регулируемого 

асинхронного двигателя
В. А. Волков

Национальный технический университет „Днепровская 
политехника“, г. Днепр, Украина, e-mail: green_stone@
ukr.net

Цель. Нахождение для диапазона сверхноминальных 
скоростей короткозамкнутого частотно-регулируемого 
асинхронного двигателя энергосберегающих траекторий 
скорости в режимах разгона и торможения и исследова­
ние общих потерь энергии указанного двигателя в этих 
режимах на примере станочного и тягового приводов.

Методика. Использованы методы: вариационного 
исчисления, Рунге-Кутта, математической интерполя­
ции и компьютерного моделирования.

Результаты. Получены аналитические зависимости 
для расчета общих потерь энергии для частотно-регули­
руемого асинхронного двигателя (ЧРАД) при режимах 
разгона и торможения в диапазоне его сверхноминаль­
ных скоростей. Выполнена количественная оценка этих 
потерь энергии для данного двигателя в указанном диа­
пазоне скоростей применительно к постоянной и тяго­
вой нагрузкам для предложенной энергосберегающей и 
известных (линейного и параболического вида) траекто­
рий скорости. Исследованы электромеханические и 
энергетические переходные процессы ЧРАД в диапазоне 
сверхноминальных скоростей для режимов разгона и 
торможения с тяговой нагрузкой.

Научная новизна. Впервые предложена энергосбере­
гающая (названная „квазиоптимальной“) траектория из­
менения скорости ЧРАД при сверхноминальных скоро­
стях, позволяющая минимизировать общие основные 
потери энергии двигателя в режимах разгона и торможе­
ния с постоянной и тяговой нагрузками. Впервые выпол­
нена количественная оценка минимально возможных 
общих основных потерь энергии этого двигателя в режи­
мах разгона и торможения в диапазоне сверхноминаль­
ных скоростей для предложенной энергосберегающей 
траектории скорости и сравнение этих потерь с линей­
ной и параболической тахограммами.

Практическая значимость. Использование получен­
ных результатов позволяет уменьшить непроизводитель­
ные потери энергии в режимах разгона и торможения 
ЧРАД при сверхноминальных скоростях с постоянной и 
тяговой нагрузками.

Ключевые слова: частотное регулирование, асинхрон-
ный двигатель, сверхноминальная скорость, энергосбере-
жение
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