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OTIpEeZICNICHBI 0COOEHHOCTH M OIICHEHBI TOKa3aTeNIH PadOThI
paccMaTpUBaEMBbIX CUCTEM.

Pe3ynbTarbl. YCTaHOBIEHO, YTO YJIyUlllEHHE TOKA3aTe-
Jiel paboThI UCCIIETyEeMbIX CUCTEM BO3MOYKHO IyTeM pac-
IIMPEHUS] CKOJB3SIEro OKHa M YBEJIMYEHHUS KOJIMUecTBa
IIIKJIOB JICKOIMPOBAHUS IT0 CPABHEHUIO ¢ U () epeHInATb-
HBIMU crcTeMaMu ¢ LDPC-komupoBanueM u aud epeHim-
AIBHBIM JICTeKTHPOBAaHUEM C TIPEOOpPa30BAHUEM.

Hayynasi HoBu3Ha. J[oka3zaHo, UTO IpelyIaraeMas cxe-
Ma MOXETIPHM CHATHCS U pEeIICHHS IPOOIeMBI Y Xy AIlie-
HUs pabounx mokaszateneit ¢ epeHIranbHbIX CHCTEM C
LDPC-xompoBaHueM U aud ¢ epeHInaIbHbIM IeTCKTHPO-
BaHMEM C IIpeoOpa30BaHUEM.
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Purpose. With the increase of the call center business and the equipment update, the Interactive Voice Response Units
(IVRU) become widely used in call centers. This research investigated two kinds of call problems (abandonment and optional
feedback) and the role ofthe service channel (servers and the IVRU) in a call center. We have obtained some important per-
formance measures, which are very helpful for optimizing call centers.

Methodology. We formulated the call center with the Interactive Voice Response Units by a two-stage queuing system.
Applying the queueing theory, we discusseda call center with the customers’ impatience, optional feedback, and part shut-

down of'the servers.

Findings. We first get the systems’ Q-matrix, and then by usingthe Structured Gaussian Elimination method, we obtained
the idle probability, the average number of customers in the second-level queue, the leaving probability due to customers’ im-

patience and some other performance measures.

Originality. We made a study ofa call centermade up of trunk lines, interactive voice response units (IVRU) and agents.
We discussed a partial closing rule, callabandonment and feedback in the center. The research on this aspect has not been

found at present.

Practical value. We have also considered thefact that some customers who are dissatisfied with the service may return
for service, and they may return to the Interactive Voice Response Units orthe servers orboth. Our model is more reasonable

and close to widely used call centers.

Keywords: call center, partial closingrule, call abandonment, optional feedback, the Interactive Voice Response Units

Introduction. A call center is a place where agents
handle a large volume of incoming and outgoing calls for
various purposes. Call centerbusiness is developing rapidly
in the past few years [1-9]. Based on queuing theory, some
call centers in real life are discussed; this kind of analysis
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can be more accurate and closer to our life. Several re-
searchers [3, 4] considered call abandonment and retrial.
They obtained the stationary distribution of the system
and other performance measures, but they did not consider
the call center with the Interactive Voice Response Units
(IVRU). Customers who enter the call center with the
IVRU can receive the automatic service by the IVRU first,
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and then choose service from agents. Srinivasan [5] and
Wang [6] both discussed call centers with IVRU, they ob-
tained the explicit expressions for the stationary distribu-
tion of their investigated systems. Zhang [7] further consi-
der retrial phenomenon in call centers. Chen [8] surveyed a
call center with a closing rule and impatient customers.

When the customers who are dissatisfied with the ser-
vice return forservice, and they can choose the Interactive
Voice Response Units orthe servers or both. In this research
we investigatedthe combination ofthe calls (abandonment
and optional feedback) and the role of the service channel
(servers and the IVRU) in a call center as the research on
this aspect had not been found.

Based on the queuing model, we discussed a call center
with the customers’ impatience, optional feedback, and part
shutdown ofthe servers. Ourmodel is more reasonable and
alike to widely used call centers. The remainder of the pa-
per is organized as follows. In Section 2, we present the
model description. In Section 3, we develop some signifi-
cant performance measures for the system in the steady
state. In Section 4, some numerical examples are given, and
conclusions are presented at the end of the paper.

Model description. In this paper, we considera call ce-
ntermade up of telephone trunk lines, an automatic call di-
stributor (ACD) together with the Interactive Voice Respon-
se Units (IVRU) and servers (or agents). Readers can see
the operation of a call center in fig. 1. The first one repre-
sents the IVRU processor, the second queue represents the
calls, which will be served by agents. Assuming: (1) The
call center consists of N trunk lines, S agents (§<N). This
IVRU processorcan handle at most N jobs at a time, where
N represents the total number of truck lines available. The
arrival process of incoming calls is a Poisson process with
the constant rate A . Calls enter the call center whenever a
trunk line is available; otherwise, it is lost. Once a trunk li-
ne is seized, the call is served by the IVRU first; then the
call may leave the call center with probability 1- p or be
routed to an available agent with probability p.If all agents

are busy, the call is queued at the ACD until one agent is
free; while waiting for the agents, calls may abandon the
queue if their waiting time becomes unreasonably long.
Customers’ patience time is an exponential distribution
with therate @ . The processing times of the IVRU are inde-
pendent and identically distributed exponential random va-
riables with rate 4 , and the agents’ service times are inde-
pendent and identically distributed exponential random va-
riables with rate - (2) The partial closing rule is as fol-
lows: Once there are no calls, the system will shut down S-
C servers (or agents) simultaneously for a random time
(1£C<S<N), theshutdown time is exponential distributed
with rate 7. If any trunkline is seized before the end of the

shutdown, S-C servers return to the system. Otherwise, the-
se servers take another shutdown and continue until they
find calls in the trunk lines. (3) The call which have been
serviced by the agents may hold the truck line and releases
the agent (feedback to the IVRU with probability 7, , or to
the ACD with probability r, ), ormay releases both the truck

line and the agent simultaneously (leaving the call center)
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with probability 1, =1-1 —r1,. (4) All above random vari-
ables are mutually independent.
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Fig.1. Call Canter Model with Impatient Customers and
Optional Feedback.

Main results. The call served by the IVRU is regarded
as the first-level queue while the call that is served by
agents or queued at the ACD is regarded as the second-
level queue. Let

M(t): = The calls’ number of the first-level queue at
time 7

N(#): = The calls’ number of the second-level queue
(Including the waiting and being serviced calls) at time ¢
(M(O)+N(6) < N, > 0);

J(t) : = Servers statuses at time ¢, where J(r) =0 means
C servers are open or J(¢) = lmeans all servers are open.

Because the systemhas a finite number of states and all
its random variables are independentand exponentially dis-
tributed, so {M(@),N(@),J(1):1=0} is the irreducible finite
state Markov chain. The state space S is defined as

S={(mn,j)0<mn<N,0<m+n<N,j=0,1}.

Because of the finite state space (contains [(N+1)-
-(N+2)-1] states), the steady-state can be reached. Therefore,
we can find the stationary distribution of the system by
QBD approximations. For more details of this method,
readers can see Kawanishi K. (2008) in [9]. We denote
Tmn, ) - = a steady-state probability when the systemhas
m calls in the first-level queue and » calls in the second-
level queue and the servers in state j,

O0<mn<N,0<m+n<N, j=0,1);

Ty = (”(0,0,0)377(0,1,0)v”(o,l,l)r"”(o.N,o)’7[(0,1\11)) 5
7 = (10,00 10,00 > 0000 Tty > -+ T N-10) > Foin—iy) 5
i=12,..N)-

Then the stationary probability vector 7 can be defined
by 7 = (n,,7,,7,,..7y), which is uniquely determined by
solving the equation ~ 0 =0 with the normalization condi-

tion 71' =1 numerically, where ( is a row vector of ze-
roes, 1" is a column vectorofones,and Q is the infinitesi-
mal generator, which has the block tridiagonal form as fol-
lows.
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The above matrix element is lexicographical sequence
and Q isa [(N+D(N+2)-1]x [(N+1) (N +2)-1] square ma-
trix. Let £ A C=min(k,C), kv C=max(k,C), we have
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Because the stationary probabilities ofthis systemsatis-
fy the following equation

(7wy, 70, 70y,..7,, )0 =0 ;

N N N-m
ZZ”(n1710)+zZ”(mnl)"'Z”(Onl)
m=0 n=0 m=1 n=0

Using the Structured Gaussian Elimination method,
which is similar to the literature [10], we can solve the abo-
ve two equations and obtain stationary distribution proba-
bility and further get the system performance measures
below.

L. All lines idle probability P, = 7

2. The average number of the waiting customers in the

second-levelqueue E(N )

(0,0,0) "

N N-n N N-n
E(N jyons) = Y Z(”_C)”(m,n,o>+ Y Z(n—S)ﬂ(m,n,]).

n=C+1 m=0 n=S+1 m=0

1
3. All lines busy probability 7 = . 2. 7T, -

m+n=N j=0
4. The leaving probability in the second-level queue due
to impatience P,
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Numerical results. In this section, we will investigate
the impact of various parameters on the performance
measures that have already been obtained in Section 3. In
particular, we mainly demonstrate how the arrival rate A
and the parameter paffect the performance measures of

the system by some numerical examples.
Casel: Given ,Lzl" = 1/2 min, ,u; =2min, =02, A" = Imin,
n' =1/2min, 6 =1/3min, p=02, 1 =02 N=3,5=2,
C=1.We can present system performance measures in
details:
(i) Stationary probability:
7 = (0.35991,0.0121246;
0.177481,0.000352705,0.0488102,7.75494x10°;
0.00262514,0.0806708, 0.108722, 0.00486972;
0.0946558,0.000162854, 0.0249001,0.0127408;

0.0370873,0.00106455,0.0250741,0.0016059;
0.00713442).
(ii) Theidle probability F, =7, ,,=0.35991.
(iii) The average number of customers in the second-level
queue: E(N,,,,.) = 0.00315621.
(iv) The systembusyprobability: P, = 0.0625749.
(v) The leaving probability due to customers’ impatience:
P, =0.00228401.
Case 2: Given y' =1/2min, &' =1/2min, r=0.1, 2" =
= min, 77’1 = l/2min, 0" = 1/3min, r =02 N=3,8§=2,C=1.
We study the changes of the parameter p on the per-

formance measures by four figures.
It can be seen from fig. 2-5 that when parameter p in-

creases, the idle probability P, decreases, while the average

number of the waiting customers in the second-level queue

E(N ,..)» all lines busy probability P, and the leaving
probability due to impatience P, increase.
Case3: Given u' = 1/61nin, w = 1/4min, p=09,n' =

=1/2min, 6" =1/3min, r, =02, r=0.1, N=3,8S=2,C=1.
We study the changes of the arrival rate A on the follo-
wing four-performance measures by four figures.

1
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0.5 \

n4f T
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Fig. 2. The idleprobability P, versus p

It can be seen from fig. 6-9: when the arrivalrate A4 in-
creases, the idle probability B, decreases, but all lines busy

probability P, and the average number ofthe waiting custo-

mers in the second-level queue E(N ) increase. When

gents
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the arrival rate A is large enough, the system performance
measures become stable.

B(H Agenss)

00ls /

0.0 /

0.005

Fig. 3. The average number in the second-level queue
E(N ,,,..) versus p
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Fig. 4. Alllines busy probability P, versus p
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Fig.5. The leavingprobability dueto impatience P, ver-

sus p

Case4: Given 2" =1/2min, g’ =5min, p=0.5, " = Imin,
7' =lmin,r =0, N=3,8=2,C=1.

We study the changes ofthe parameter 7, on the follow-
ing four performance measures with z, =0.1 and
4, = 0.5, respectively.

It can be seen from fig. 10-13 that when parameter r,
increases, the idle probability P, decreases, but the average

number of the waiting customers in the second-level queue
E(N ) and all lines busy probability P, and the leaving

probability due to impatience P, increase. Because all calls
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should use the lines, the system performance measures are
influenced by the agents’ service rate g, .
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Fig. 10. The idle probability P, versus r,
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Fig. 12. All lines busy probability P, versus r,
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Fig. 13. The leaving probability due to impatience P,

versus 1,
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Conclusions. In this paper, we have studied a call
center made up of trunk lines, interactive voice response
units (IVRU) and agents. We discussed a partial closing
rule, call abandonment and feedback in the center. We
have obtained the idle probability, the average number of
customers in the second-level queue, the leaving proba-
bility due to customers’ impatience and some other per-
formance measures. Some numerical examples on how
the design parameters affect some important performance
measures were also investigated.
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MeTta. Y Mipy 30iIbIICHHS KUTHKOCTI BXITHUX BUKJIHKIB
y KOJUI-IIEHTPH Ta X MepeoCHaIeHHs, CACTeM a IHTep aKTHB-
HUX rojiocoBux MeHIo (IVRU) 3HaxX0aUTh yce OUIbII Iupo-
Ke BKMBaHHs. Y JaHii CTaTTi pO3IJIAHYTI IBA MUTAHHS: Bill-
XiT HeoOCIyroByBaHUX KII€HTIB i3 CUCTEMHU Ta OMUIMHUN
3BOPOTHUH 3B'130K; MPOOJIEMHU, 1110 BUHUKAIOTh IPH POOOTI
KOJUI-IIEHTPIB; POJIb KaHaly 00CIyroByBaHHs (ceBepiB i [V-
RU). OtpumaHi BaXKJIMBI MOKa3HUKH, [0 CIIPHUSIOTH OITH-
Mi3aIil KOJUI-IIEHTP1B.

113




IHPOPMALINHI TEXHONOTIi, CACTEMHUA AHANI3 TA KEPYBAHHA

MeTtonuka. CTBOpEHUI HAMH KOJUI-IIEHTP i3 CHCTEM OO0
IHTepaKTUBHUX FOJI0COBUX MEHIO 3aCHOBAaHHUH HA JIBOCTYIi-
HYACTIi CHCTeM1MacoBOro 00CayroByBaHHs. 3 TOUKH 30Dy
Teopii MacoBOro 00CIyroByBaHHs, HAMU BUBYEHI TUTAHHS,
110 MOB'sAI3aH1 3 HETEPITIHHAM KJTEHTIB, OMIITHIM 3BOPOTHUM
3B'I3KOM 1 MOJKJIMBICTIO BUKITIOUCHHS OKPEMHUX CepPBEPIB.

Pesyabratn. OtpumMaBmy Q-MaTpUII0 CHCTEMHU, Me-
TOJIOM CTPYKTypOBaHOTO BHKIIOYCHHS ['ayca (Structured
Gaussian Elimination), MW BU3HAYHJIHM BIpOTIIHICTH TOTO,
III0 CHCTeMa BiTbHA, CEpeHE YHCIIO KIEHTIB y 4ep3i 2-0T0
piBHS, BIPOTITHICTE BiMXOAY HEOOCTyTrOBYBaHHWX KIE€HTIB
yepe3 JIOBre YEeKaHHs Ta iHII MOKA3HUKH Mpare3laTHOCTI
CHUCTEMH.

HayxoBa HoBu3HA. Hamu po3poOneHnii Komw-1eHTp 3
MaricTpaasiMu, CACTEM 010 IHTEPAKTUBHUXTOJI0COBHUX M EHIO
(IVRU) Ta arenTamu (A gents), pO3IJISIHY T€ TIPABUJIO YaCTKO-
BOTO BHKJIIOYCHHS KOJUIFIICHTPA, @ TAKOK MATAHHS, IIO IM0-
B'si3aHi 3 HETCPMIHHAM KIEHTIB 1 3BOPOTHUM 3B'SI3KOM BiJT
HuX. [TodiOHI 10 CTDKEHHS JOKU HE 3y CTPIYal0ThCs.

IpakTnuna 3HaunMicTh. Ha Hamy aymKy, KITEHTH,
1110 HE 3aJI0BOJICHI 00CIyTOBYBaHHIM, MOKYTh TOBEPTATH-
s 710 KOJUI-IIEHTPY, a0 10 CHCTEMH IHTepaKTUBHUX I0JI0-
COBHUX MEHI0, a00 JI0 cepBepiB, ado 10 060x pazom. Y mopi-
BHSIHHI 3 aHAJIOTaMH, Hallla MOJIeJIb JIOIUIbHIIIA Ta OIS
CX0’ka Ha IMMUPOKO BUKOPHUCTOBYBAHI KOJUI-IIEHTPHI.

KumouoBi cioBa: xonn-yenmp, npasuno uacmkogozo
BUKTIIOUEHHsl, HeMePNinHs, ONYIUHUL 360POMHUL 38'A30K,
cucmema iHmep akmueHUX 20J10COBUX MEHIO

Heub. [To Mepe yBeInueHUI KOTMYECTBA BXOAAIIUX BbI-
30BOB B KOJUI-IICHTPHI U WX IIEPCOCHAIICHHS, CHCTEMa HH-
TepaKTUBHBIX T0JI0COBBIX MeHIO (IVRU) HaxoauT Bcé Goree
MIApOKOe MpUMeHeHHe. B TaHHOH cTaThe paccMOTPEHHI /iBa
BOTIPOCA: YXO HEOOCITy KEHHBIX KIIHEHTOB U3 CHCTEMBI, OTI-
[IUOHHASE 00paTHAs CBsI3b; MPOOJIEMbI, BO3HUKAIOIUE ITPU
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paboTe KOJU-IIEHTPOB; POJb KaHaa 00 CITy KUBaHHUS (CEpBe-
poBuIVRU). ITomy4ueHs! BaxKHbIE TOKA3aTeIH, CIOCOOCTBY -
IOIKE ONTUMH3ALNN PAOOTHI KOJUI-LIEHTPOB.

MeToauxa. Co3qaHHBIi HAMHU KOJUI-LIEHTP C CUCTEM O
HMHTEPAKTUBHBIX T'OJIOCOBBIXMEHIO OCHOBAaHHa IBY XCTy [ICH-
4aToi cUCTEeMEe MaccoBOro 0ocmyxuBanus. C TOUKHU 3p CHUS
TEOPHH MACCOBOr0 00 CITy)KUBAHUS, HAMH H3y4CHBI BOTIPO-
CBI, CBSI3aHHBIC C HETCPIICHHEM KIHMECHTOB, OMIIHOHHON 00-
paTHO CBSA3bIO M BO3MOHOCTBIO BBIKIIFOUEHUS OTACIbHBIX
CEpBEPOB.

PesyabTarsl. [Tony4uus Q-maTpuily cCTEMbl, METOJIOM
CTPYKTypHUpOBaHHOro UCKItoueHus [ 'aycca (Structured Gaus-
sian Elimination), MBI OTIp €A€MINA BEPOSATHOCTB TOTO, YTO CHU-
cTeMa cBOOO/HA, CPEHEE YHUCIIO KIHMEHTOB B 0Uepeu 2-01
CTyTNICHH, BEPOSITHOCTh YXOJia HEOOCTy KEHHBIX KIMEHTOB
13-3a JIOJITOTO 0’KUAHUS U APYTHE MoKa3aTeau padboToCIO-
COOHOCTH CUCTEMBI.

Hayunasi noBu3Ha. Hamu pa3paGoTaH KOJUI-LEHTp C
MarucTpagsiMu, CUCTEMON HHTEPAKTUBHBIX T'OJIOCOBBIX Me-
Hio (IVRU) 1 arerTamMu (A gents), pacCMOTPEHO IIPABIIIO Yac-
THYHOTO BBIKIIIOUEHUS KOJUI-IIEHTPA, & TAK)KE BOIIPOCHI, CBSI-
3aHHBIC C HETEPIIEHHEM KIMEHTOB M 00pATHOW CBS3BIO OT
Hux. [lonoOHbBIe nCCceIoBaHMS TOKa HE BCTPEYAIOTCS.

IIpakTHyeckass 3HauMMocTh. [lo HamemMy MHeHHIO,
KIIMEHTHI, HEJIOBOJIbHBIE 00CITy)KHBaHUEM, MOTYT BO3Bpa-
ATHCS K KOJUI-LEHTPY, MO0 K CHCTEM € HHTePaKTHBHBIXTO-
JIOCOBBIX MEHIO, MO0 K cepBepam, MO0 K 000UM BMeECTe.
Io cpaBHEHHMIO ¢ aHATOTAMM, HAIIa M OZIEJIb LIeJIeCco0 OpasHee
1 0oJee MOX0’Ka Ha MUPOKO UCTIOJIb3YEMbIE KOJUI-LIEHTPHI.

KinoueBble cJji0Ba: Koi-yeHmp, npasuio 4acmuiuHo2o
BBIKIIOUEHIUS], HemepneHie, ONYUOHHAS 00PAMHAS CB53b,
cucmema UHmepaKmueHoIX 20J10COBbIX MEHIO

Pexomenoosano 0o nybnixayii O0oxkm. mexH. HAYK
B.I. Kopuicnurxom. [lama naoxooocenns pyxonucy 07.05.14.
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