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IyTeM KCITOJIb30BAHUS TEJIECKOTTMYECKNX IITAHT TIe-
PEMEHHOM IJIMHBI C ITHEBMAaTUIECKUMU TTPUBOIAMMU.
YcTaHOBICHBI YCIOBHS TTOBBIIIICHUST TOYHOCTU CTaH-
Ka-poboTta 1pu 00paboTKe OCEBBIM MHCTPYMEHTOM.
OHU BKJTIOYAIOT COOTBETCTBHUE INIABHBIX OCEil MaTpu-
IIBI XKECTKOCTH MaHMITYJISITOPA M HAIPaBJICHUIO IBU-
JKEHMST 0CeBOro MHcTpyMeHTa. OTipenesieH BUA 1 Xa-
pakTep omnb0K 00pabOTKM, U X B3aMOCBSI3b C Ma-
paMeTpaMM XKEeCTKOCTU CTaHKa U MaHUITYJISITOpa.
Hayunas HoBu3Ha. BriepBbie pa3zpaboTaHa KOH-
LIEMLMST BBICOKOTOUHOI 00pabOTKM Ha CTaHKaxX-po-
060Tax, KOTOpbIe UMEIOT HU3KYIO JKECTKOCTh HECYIIEH
CHCTEMBI, YTO 3aKJTIOYACTCS B IPUMEHEHUN MaHUITY-
JISTOpa, KOTOPBIN JKECTKO 3aKperjicH Ha o0pabaThl-
BaeMOM OOBEKTE U CBSI3aH C UCIIOJTHUTEIILHBIM OpTa-
HOM CTaHKa. BIiepBble yCTAaHOBJIEHO HEOOXOOMMOE
COOTHOIIICHNE KOMIIOHEHT MAaTPHUII JKECTKOCTU CTaH-
Ka ¥ MaHUIYyJIITOpa, KOTOPble 00eCIIeYnBaIOT BO3-
MOXXHOCTbh BBICOKOTOYHOI 00pabOTKM Ha MOOWIIb-
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VARIATION METHOD BASED ON THE INTERPOLATION
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Yenci JIro

Purpose. Many studies have been devoted to using variational multiscale (VMS) methods to solve the incom-
pressible flows. The analysis differs when applying the so-called first or second fluctuation operator. On the other
hand, VMS methods are used to solve unsteady incompressible flows. Error estimates dependent on the reduced
Reynolds number are obtained. On the other hand, the error estimates not dependent on the Reynolds number
have already been obtained by using SD and CIP methods. Thus, we desire to obtain the same or similar results by
using VMS methods.

Methodology. We propose a fully discrete stabilized method for the unsteady NSEs at high Reynolds number.
We use Crank-Nicolson difference in time and use the SV elements in space to preserve the incompressibility. The
convective effects are stabilized by adding a new projection-based VMS term. The stability and convergence of the
approximation solution are proved. The error estimates hold irrespective of the Reynolds number, and hence also
for the incompressible Euler equations, provided the exact solution is smooth.

Findings. We prove the stability and convergence of the approximation solution. The error estimates hold ir-
respective of the Reynolds number, and hence also for the incompressible Euler equations, provided the exact
solution is smooth. This method has good stability. It preserves the incompressibility and it has error estimates not
dependent on the viscosity.

Originality. In this paper, we propose a new fully discrete VMS method using SV elements for the unsteady
Navier-Stokes at high Reynolds number. Incompressibility is preserved by using Scott-Vogelius elements and
convective effects are stabilized by adding a new projection-based variational multiscale (VMS) term.

Practical value. Numerical experiments demonstrate that our method is very effective for incompressible
flows at high Reynolds number. They also confirm that our method preserves the incompressibility strongly.

Keywords: Unsteady Navier-Stokes equations at high Reynolds number, Scott-Vogelius elements, incom-
pressibility, convective effects, Crank-Nicolson difference, varitational multiscale method
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Introduction. The stable and accurate mixed fi-
nite element methods for the Navier-Stokes equations
(NSEs) at high Reynolds number may suffer from vio-
lating LBB (Ladyzhenskaya-Babuska-Brezzi or inf-
sup) stability condition and oscillating approximate
solutions. The streamline diffusion (SD) methods
have been a popular choice to solve these two issues in
the past two decades, due to their good stability and
high accuracy. They were first proposed by Brooks et
al. [1]. Johnson analyzed these methods and extended
them to time-dependent problems using time-space
elements [2]. He also proposed the SD method on un-
steady NSEs based on a stream function-vorticity for-
mulation with divergence-free discrete velocities [3].
Hansbo et al. [4] developed a velocity-pressure SD
method using time-space elements for unsteady NSE.
More related work on SD methods can be found in [5].

However, the SD methods have some undesirable
features such as follows: they introduce additional
nonphysical coupling terms between velocity and pres-
sure [6]; they produce inaccuracy of numerical solu-
tions near the boundary; they require calculation of
the second derivative when using high order elements
and the computational complexity is very big when ap-
plied to unsteady Navier-Stokes equations [7].

Recently, alternative stabilized methods have been
developed to solve the convection-dominated prob-
lems: the variational multiscale methods (VMS), the
orthogonal subscales methods, the continuous interior
penalty (CIP) methods and the local projection stabi-
lize (LPS) methods [8]. These stabilized methods do
not only have good accuracy, but also avoid the unde-
sirable features of SD methods. Both orthogonal sub-
scales methods and LPS methods can be viewed as the
special cases of VMS methods, which not only can sta-
bilize the convection term, but also can be used as the
LBB stabilization technology for equal-order interpo-
lation [9].

The basic idea of the VMS methods is to define the
large scales by projections into appropriate function
spaces. Many studies have been devoted to using VMS
methods to solve the incompressible flows. The analy-
sis differs when applying the so-called first or second
fluctuation operator. On the one hand, VMS methods
are used to solve unsteady incompressible flows. Error
estimates dependent on the reduced Reynolds number
are obtained. On the other hand, the error estimates
which are not dependent on the Reynolds number
have already been obtained by using SD and CIP
methods. Thus, we desire to obtain the same or similar
results by using VMS methods. This motivates our
work in this paper [10].

Moreover, in the referred works above on the in-
compressible flows, only the work in enforces the in-
compressibility strongly (pointwise) by using Scott-
Vegelius (SV) elements. The problems that can arise
from a poor enforcement of incompressibility are well
known even for the simplest problems such as steady
NSEs. The SV elements enforce the incompressibility
strongly (pointwise), which makes them popular.
Moreover, under the restriction that the mesh be a

52

barycenter refinement of a simplex mesh and the de-
gree k of approximating polynomial for velocity is not
less than the dimension of the domain space d, i.e.
k > d, the SV elements have recently been shown LBB
stable and admit optimal approximation properties.
This is also true for the case d = 3 and k = 2 with a
Poweel-Sabin tetrahedral mesh. E. Burman et al. use
the LPS and CIP methods with SV elements to solve
the steady Oseen problems. Error estimates which are
not dependent on the Reynolds number are obtained.

In this paper, we propose a fully discrete stabilized
method for the unsteady NSEs at high Reynolds num-
ber. We use the Crank-Nicolson difference in time and
use the SV elements in space to preserve the incom-
pressibility. The convective effects are stabilized by
adding a new projection-based VMS term. The stabil-
ity and convergence of the approximation solution are
proved. The error estimates hold irrespective of the
Reynolds number, and hence also for the incompress-
ible Euler equations, provided the exact solution is
smooth. Our numerical experiments demonstrate and
confirm our theoretical analysis.

‘We have to stress that our method is different from
the VMS methods from these points. The stabilized
term in our method applies the fluctuation operator
first then applying the gradient operator. The piece-
wise gradient operator is adopted to allow the projec-
tion space to be discontinuous. The analyses of error
estimates on our method and other VMS methods are
quite different. We obtained an error estimates which
hold irrespective of the Reynolds number. This result
is almost comparable with the SD and CIP methods.
On the other hand, the error estimates are only depen-
dent on a reduced Reynolds number. Moreover, we
propose to use SV elements to preserve the incom-
pressibility of the original problem. Also, the approxi-
mation of the initial data is taken care of to preserve
the incompressibility. In addition, our method is a
fully discrete Crank-Nicolson scheme. It is a second
order scheme.

An outline of the paper is as follows. In section 2,
we introduce necessary notations which will be used in
other sections. In section 3, we propose and analyze
the stability of our new method. In section 4 we give
error estimates for our scheme. In section 5, we give
some numerical experiments. In section 6, we con-
clude the whole paper.

Throughout this paper, we use C to denote a posi-
tive constant independent of Az, 4 and v, not necessar-
ily the same at each occurrence.

Basic notations. Let Q € RY (d = 2 or 3) be a
bounded domain with polygonal or polyhedral bound-
ary I' = 9Q. We use W™:2(Q), W;™"(Q) to denote the
m order of Sobolev spaces on Q, and use || - [, s | - .
to denote the norm and semi-norm on these spaces.
When p = 2, we set H™(Q) = W™ P(Q),
H' (@) =W (Q) and || |y =Il" . p» | ln =1 - I, » and
the inner product of H”(Q2) denoted by (-,),,, we also

let (-,) = (). Let Lf,(Q)={UeL2(Q):Jde=O}.

Q
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Let X denote a Banach space, the mapping ¢(x, 7) : [0,
T1 — X, and we define

12
2(0,7;X) [j”(P" j >

= sup o], (7

o

o007

Vector analogues of the Sobolev spaces along with
vector-valued functions are denoted by upper and low-

er case bold face font, respectively, e.g., H, (Q),
L*(Q) and u.
Lemma 2.1. Let ve Hy(Q), then the Poincaré’s
inequality holds
ol < CAol,
Let /=10, T'], where T'is a positive constant . We
consider the Navier-Stokes equations
U +u-Vu—-vAu+Vp= finQx/I
V-u=0 in Qx/
u=0 on I'x/ ’
u=uy(x) in Q for r=0

ey

where u = u(x, t) € R? denotes the velocity, p =
= p(x) € R denotes the pressure and /= f(x) € R? de-
notes the body forces, v = Re™! denotes the viscosity
coefficient. In this paper we consider the situation that
Re is a high Reynolds number, i.e. v < Ch.

Let V' =H;(Q) and O=L;(Q). A weak formula-
tion of problem (1) is.
We find (u, p) € V'x Q, forall (v, g) € V'x Qso that

(uz‘a U) + B(uap’ Ua q) + b(ua Ll, U) = (.f; U);
where
B(u, p;v, q) =v(Vu, Vu) - (V - u, q);

b(w;u,v =l w-Vu,v —l w-Vo,u).
2 2

Let Ar= T/ N be the time step, /V is a positive inte-
ger, t,=nAt, t,, = (n+1/2)At. We use the following
Sr=fx ), uti=ulx, t,), pti=plxt,).

We also define

1 +1
/2 _ u" +u" /2 _ p"+p"
2 2

Then from (1) we have

n+l n n+l n
B(um’p 5 MH” A ’U]+

+b( "H/z "+1/2,U) = [%—L@ ('x’tn+1/2)’uj +

n+l/2

u

+B(u"*‘/2 —u(x,t,.,), 0" = p(x, n+1/2) v CI)+ 2
+(b(un+1/2;un+l/2’v)_b(u(x th/z n+1/2 +

Hf (%t )o0) = R (0) +( f(x,tnﬂ/z),v).
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The following lemma is trivial.
Lemma 2.2. Suppose w,;, w,,; €
have the estimates

L0, T: LX(Q)), we

n+l

w, (xstnn/z)_wA—;wn

Using Lemma 2.1 we can give an estimate for
R 1 (U) .
By corollary 3, we assume that « is satisfying

<CAF ||w

223

L2 e (Q)) ’
0

w" —w(x tnﬂ/z)“ <CAP ||w"

L1t 3(Q))

u, e L¥0, T; LA(Q));
pre L0, T; H(Q));

use L0, T; HY(Q));
ue L0, T; Wh=(Q),

then we have the estimates for R”*(v)

Wk "1 ) «

) 2

R (v)| s CAr? o], (1+

) ol

L ’n7+1

.

Let 7= {K} be a barycenter refine mesh of a quasi-
uniform triangular or tetrahedral mesh. For all K€ 7,
let Ax be the diameter of K and A= max h. Let

Lz(t 1 L2 rn tosH' (Q)))

nolnsls

P, . (TJ,) represent the k + 1-order continuous piece-

wise polynomial on decomposition 7,, and P (J ,,)
represent the k-order discontinuous piecewise poly-
nomial on decomposition 7, where k£ >0 is an integer;
let P.(K), k > 0 be the k-order polynomial on K; let

P (7, ,) represent the nonconforming linear element
on decomposition 7, .

We define the r-order SV elements (r > 2) V), x
X Q,cVxQas

V,=H,(QNP(J,): O,=L(QNP%(J,).

Notice when =2, d =3, the mesh 7, is construct-
ed by a Powell-Sabin tetrahedralizeation . We also in-
troduce the divergence-free space of V),

Wy=twye Vi (V-wy, q,) =0, Vg,e Q4. (3)

Clearly, since we are using the SV elements, we can
choose g, =V - w,, then the definition of W), is equiva-
lent to

W,={w,e V,:V-w,g=0, VKe J,}.
Then we have the following conclusions.
Lemma 2.4. For every (u, p)e(Hé QnH™ (Q))x
x(L(QNH"(Q)), there exist two interplants

1,:H(Q)—>V, and J,: L} (Q)— O, so that
llee — Lullo + Al — Lul, < CH™ Y ul, 1,
whenu e Wh=(Q),
e + Lyullo, .. + Alu — Lyul, . < Ch|ul, .,

when V- u=0and ue H)(Q)NH"™ (Q)
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Lue W,

lp = Jupllo + Alp = Jpli, < CH|p,;
(p-Jw,V-v,)=0vVv,€ V.

n Z|P Jhp|11<

KeJ,
We recall the following inverse estimate.
Lemma 2.5. Forallv, e V,and Ke 7,,0< h <1,
0<m<I, 1< p, g <o, there exists a positive constant
C,,, independent of 4, K, p and g so that

Where |p—J,p|;

el

|Uh|l,p,l( — Tinv | h|mql(

A new projection-based VMS method. Fully
discrete scheme. Let L, be a /-order (/< r) finite ele-
ment defined on a mesh 7, (Jy = J, is acceptable and
Ly can be discontinuous) and Ly # Vy, let Py be a
well-defined mapping from L*(Q) to L, L, satisfying

VYue H* '(Q), 0<k<l
|(id = Pyyull < CHM|uly 15 4)

where id : L*(Q) — L*(Q) is an identity. Let V, be the
piecewise gradient operator defined on the mesh Jp.
We consider a projection-based VMS method for (1).
We use SV elements FEM in space and Crank-Nicol-
son difference in time. The discretization reads.

We find (u;", py" )€V, xQ,, forall (v, g;) € V;, ¥
X @y, so that

(u:*lA_u;: )+b( n+1/2 n+1/2 Uh)+
+B( n+1/2,pn+1/2 U,,,q,,)+S ( n+1/2 Uh)= 5)
= (f(x’tn+l/2)’vh)’

where n=0,1,2,..., N—1and
Sp(u, v) =V ylid = Py)u, V y(id — Pp)v).  (6)

To preserve the incompressible property, the initial

level u) is approximated by finding (u,?,kz) eV, xQ,
so that

(uf,uh)+B(u2,7»2,;Uh,qh) =
=(uy,0, )+ By, ho30,.0,), Y (v,.q,)€V, %0,

where A, = 0. From (6, 4) and Lemma 2.4 it is easy to
see that

ol? Vi’ 2
e+l ves], <

)

||u2 —u0||z +U“V(u2 —uo)“; <C( +vh™) LtO"i+l . (8)

To derive the error estimates, we consider the fol-

lowing equivalent problem: find u, € W, so that for all
v, € W), there holds
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[% ]+b( A Z”“’vh)+U(V”'7H/2’VU”)+(9)
Ry ( n+l/2 Uh):(f(x’tn+1/2),Uh)-

Remark. The term S),(u, v) in our method is apply-
ing the fluctuation operator first then applying the gra-
dient operator, which is different from the VMS meth-
ods. Moreover, the analyses of the error estimates in
our method and papers are quite different. Thus, we
obtain error estimates which are not dependent on the
Reynolds number.

Stability. In this sub-section, we prove the stabil-
ity of the velocities as follows.

n+l n+l

Theorem 3.1. Let (u,, , D, )e V,*x0, denote the
solution of (5), then for any arbitrary positive constant
C,, when Af < C, we have the following results

| +S ( 1+1/2’ ;+1/2))_

max |ujf1
0<isN-1

+ 2At2 ( "Vu’“/ 2

T
<
_exp(CO_At]x (10)

[C Atzu ()] +||u°||z+u||Vu0||§}.

Proof. Testing (5) with (Uh,qh) ( iz prt 2) gives

n+l 2

)+U||Vun+l/2 || +Sh (uzwl/z’uzﬂ/z) _

0

v
2At
(f(x tn+1/2) uZH/Z

S et

This becomes

2

St v

2

n+l/2 "2 <

)

n

u,

+

u
L)

u;lm 2 +uh

v 2

+IALS ( n+l/2 u"”/z)S

Yy

n+l n

2)
+|\U .
0

0 h

<me,wﬂ‘ (

Adding the last inequation from 0 to and using (7)
we get

n+l

U,

+ 2Ati(u"Vuf,“/2 "2 +S, (Lt,’,’”/z,u,’,”l/2 )) <

2
<CAt2“f Xt “ +— u,’f“ +

o
At 2 2 2
=) e ) +||”2||0 <

C, o 2C,

n 2 n+l ; 2 0 2 )
< C()Al‘z:“f(x,t,.ﬂ/2 )HO +Z"”h"0 +||u ”0 +U||Vu0||0,
i=0 i=0

At
when ol <1, by discrete Gronwall’s inequality we have
0
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n+l

U,

+2Ati(u||w;‘”/2 S, (g )) <
=0

<exp(At§1 i;C jx
el bl selval <

<ex r .
=P C,—-At

2
this proves (10).

Priori error estimates. In this section, we always
assume that the solution («, p) of equation (1) satisfies
the following regular condition, there is a constant C
independent of A, v and Af so that

"u”L”(O,T;W"”(Q)) ’"u"L”(O,T:HM @)
max +
"Ll, LZ(O,T;H’“(Q))
\max "”m 2(07322(0))° Uy 2(0,73H%(@)) <C
||ptt Lz(o,r;H‘(Q))’"p”L“"(o,T;H”‘(Q))
Let (u"*!, p"*1) e V'x Q denote the solution of (1)

at time level 7, , ; and (u,':”, o ) eV, xQ, denote the
solution of (5), and let /, and J, be as stated in Lem-
ma 2.4. For simplicity, we use the following definitions

2

COAtZH f [x,t‘ 1 ]
i=0 2 Mo

+||u°||; +U||Vu0

(e:,e;):=(u"—u2,p”—p,7); (11)
(n".B")i=(u" ~ ", p" =7, p"); (12)
(& y"):=(1,u" ~u;, 0" - p}). (13)

The following conclusion is given to prepare the
proof of error estimates.

Lemma 4.1. With the use of the definitions above,
there always holds

n+l

n 2
n"m-n")
At B

Ch2r+2
YL

(14)

! Lz(tn’tnﬂ H™ (9)) ’

Now we can give an error estimate for the velocity.
Theorem 4.2 (Velocity error estimate). Let (z”* !,
p"*1) e V'x Qdenote the solution of (1) at time level 7,

.1 and (u;”',p;'”)e V,x0Q, denote the solution of (5),

when 2 < 1, AfC, < 1, there holds

max
I<isN

u' —uh" +At§UHV(uM/2 —u;,+1/2)“z +

NI
+At2 Sh (u1+1/2 _ ll;l+1/2,ll'+l/2 _ u;l+1/2 ) <
i=0

<CexpC ( th +ah2r +a—1h2r+2 +H—2h2r+2 +O(H2[)+
+C,Cp, A,
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where

=il W

+C ||u

2o,r;H" ()).

el

CE (”uﬂt L2(0T HY(Q) "P,, ZLZ(O,T;H‘(Q)));

o — Wu)ﬂ);

cr
C._=¢ ! .
o Xp[l—mc, j

Proof. Let us take v, € W), then subtracting (9)
from (2) gives

LZ(O T;4(Q

(e:“At e'l UhJ+U(Ven+1/2 VUh)+S ( n+l/2 Uh)+
+(b(u””/2;u"+'/2,vh)—b(u’”'/z u;l+l/2,vh)) _
=S, (u””/z,uh)+R"+' (v,)-

Using (11—13) we rewrite the last equality as

E,vnH _gn n+1/2 n+l/2 _
U +U(V§ ,Vuh)JrSh(& ,Uh)—

ntl _ o0
:_(n A ’Uh]+Sh ("0, )+ R w0,)= (15
—U(VT]"H/Z Vvh)_Sh (nml/z,uh)_'_

+(b (u;t+l/2 ’u}rlm/z v, ) _ b(un+l/2;un+1/2 0, )) )

Testing (15) with v, = £"*1/2 gives

2

L <t3n+1 _ 2 +Sh (&m—l/z"t’m-l/z):

n 2)+U”V§n+1/z

2 1( 0
A
[II Il &n+l/2j U( n+l/2 &HH/Z)

At
n+l/2 g n+l/2 n+l/2,  n+l/2 £n+l/2
=S, (n ,€ )+ b(uh up g )
_b(um/z;un+1/2’§n+1/2))+Sh (un+1/2’&n+1/2)+

+Rn+1 (&nﬂ/z) ::ZGZR‘-

i=1

(16)

Now we estimate R, term by term. Using (14) we
get

H iml/z <
<Ch2r+2At ||Ll Lz o ( )) + §n+1/2 (2),
|R2|—‘ Vnn+l/2’vé';n+]/2) <Cuvh" un+l/2 w V§n+1/2 <

n+l/2 2

r+1

<Cuvh” |u +2|wenn :
0
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By the definition of Sh(:;-), (4) with k£ =0 and (3),
there holds

|R3| < (Sh (nn+l/2 +1/2) (éml/z E-’ml/z ))

<48, (nn+1/2;nn+|/2 ) +%Sh (gn+l/2;§n+|/2) <

1

1+ 16S (§n+l/2;§n+l/2)‘

n+1/2

<Coh® |u

Using triangle inequality, Green’s formula,
Vou=V-u"?=V-Lu""? =0 and the fact that b(w;
v, U), we estimate R, as
|R4| S‘(&nH/Z .V§n+l/2 nn+1/2) +‘(nn+1/2 .Vnn+l/2 §n+l/2) +
+‘(un+1/2 . Vnn+l/2 §n+l/2 )‘+‘(§n+1/2 . Vun+l/2 &n+1/2 )‘ +

5
2y "+1/2, n+1/2 ‘;: R, ..
+‘(T‘I u & ) ; 4,1

Using Holder’s inequality, inverse inequality, we
obtain

IR, |<
<C §n+1/2 0||VE_,’H1/2 , n

|R4,2| <in

(§n+l/2 .V§n+l/2,nn+l/2 )‘ <

n+l/2 n+l/2

<C|u

2

§n+l/2 :
1o 0
n+1/2

0 (t: 0
n+l/2
&

‘t; +1/2

0,00

n+l/2 n+l/2

<

-

n+l/2 n+l/2

<

<Ch™*'||u

u

r+l

Leo

n+1/2 n+l/2

< Ch2r+2 u

r+l

Using triangle inequality, inverse inequality and
L?-stability of Py, we have

R, 3| _ ‘(unH/Z ) V§n+1/2 ’nn+l/2 ) <

< (un+l/2 'VHPH§n+1/23nn+l/2) +

+‘(un+l/2 v (id P )E;HI/Z n+l/2)‘s

n+l/2 n+l/2

<lu ||VHPH§ 2 Lt
n+l/2 +1/2 +1/2 <
+u ||V (id - P )g <
<CHh" +1H +1/2 - u n+l/2 §n+1/2 +
r+l ||, n+1/2 n+l/2 . n+l/2
+Ch"™ |u™ O’mu*  (id = P,)E™ | <
<Ch* (H_2h2+0(_1h2) 12| L2 2 "
r+l 1,00
+1/2 n+l/2 ., £ n+l/2
& o 16 (g i )

Using Holder’s inequality, inverse inequality, one
gets
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n+1/2 nl)2|?
| | 4~5| < "Vu 0,00 é 1} +
n+1/2 n+l/2 n+1/2 <
+[n Vu o IS | <
2 2
< CH¥*? un+1/2 ; un+|/2 ("Vu 1/2|0 +1) é‘;n+l/2 0;

|R5| S4Sh (un+1/2’un+1/2)+_S (énﬂ/z énJrl/Z)S

n+1/2

<CoH*|u

" 16 (§n+l/2 &nﬂ/z)

By Corollary 3 we have

n+|/2

) §n+l/2

e

|R6|£(1

+CAP (||u,,, [ + (7

Lz(fn St (Q))

Lt 3 ()
2
+||p,, "Lz(r,,,t,,n H'(Q)) )

From (16) to (17) we get

b L e )<
[T
| 2l spin) 1P Z(r,,,zm.;m(n)) i
+Ch¥ At ||ut||2Lz(,wtm;ﬂ,+.(g))+ (18)
+C( u™? ;+ u™? 1,m+1)( il (2)+ egn (2))"’

+C (vl +oh” +o ' W + HPH +oH ™ )
( )
X .
r+l
We add (18) form 0 to n to get

gAt(U”V};iﬂ (2)+Sh (&i+l’,Yi+1;ai+l’,Yi+l))+ an+1 Z

<C, (v +ah” +o ' WP+ HP W +oH ™ )+

12|

1,00

n1/22
r+l

n+l/2

u +|[u

<

#Cpar+C e [+ e,

where

o=l vy - W
+Clu 2lo.rsa(@)

Co =l oy 1o

Co =l oy 12 )

By discrete Gronwall’s inequality and (8), when
AtC, < 1, we have
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n+1 +2At( ||VE_,I+I +S (§I+l i+l §1+1 z+1))
<CexpC ( th +Och2r +(x—1h2r+2 +H—2h2r+2 +OCH2[)+
+CEXPCEZAt4,
cT
C. =e¢ L .
where C, Xp[l—AtCt]

By triangle inequality we get our final conclusion.

i+1/2

Theorem 4.3 (Pressure error estimate). Under the
condition of Theorem 4.2, we have
“ +v "Ve } +
0
2)
+
0

N-l R E]e -e ’

At;|p OSAt;L =
2
)

/2 p;‘:l/z

i+1/2 ui+1/2

0
& 2 .
+CAtZ((max( u : Om) et
i=0 ’
+0|V,, (id - P, )e,"”
N-1
+A12|p
i=0

Proof. Subtracting (5) form (2) gives

en+l en
( u 0, +B( n+l/2 en+l/2 0, qh)

s
0,00

40|V, (id - P, u?

2 _ g pm/z 2
h o

At
+(b (un+1/2 . un+1/2 ’Uh) b (u;:+l/2 ;MZH/Z U, )) + (19)

+S ( n+1/2 Uh)=Sh (u"+1/2,vh)+R"+l (Uh)‘

Test (19) with g, = 0, use V-u=V-u"?=0 and
rearrange to get

n+l n

(V Uh’y””/z) (e,, A;e" ,UhJ—U(Ve:H/z,VUh)‘F
+(V’Uh,Bn+l/2)+(b(ll;,ﬁ—l/z;LIZ+1/2,Uh)—b(Un+1/2;H”+1/2,Uh))—
7

—S ( n+l/2 )+Sh (u””/z,uh)JrR”” (Uh)=:z&‘

i=1

Estimate R; term by term. Using Poincare’s in-
equality and (V - v, p"*/?), we get

IR+ R, +R|<C,[* -

n+l/2
u

i |uh|1 .(20)

Using the definition of b(-;-,
la, V-u;"? = V-1 =0, we get

|R4|S‘b(u,’,’“/2;e:”/2,u ‘+‘b en+1/2;un+1/2’vh)‘=

( n+l/2 VU un+l/2)‘g

-) and Green’s formu-

[y Vo )+

(21)
<C u;m/z . e:+1/2 0|Uh| +C un+l/2 - n+1/2 |U | <
<Cmax un+1/2 un+1/2 en+1/2 |U|
- 0,00’ 177 lo,eo A
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R+ R,|<Co|V,, (id- P, e

0|Uh|1 +

(22)
+Ca|V,, (id - Py )u"""|| [v,];
|R|<CAP? o, | x
X(”um ”Lz(r,,,tml;ﬁ(n)) + "uﬂ 121,031 7(Q)) +
(23)

R L —"

From (21-23) and Theorem 4.2 and the discrete
LBB condition we get

‘ V v, ,Y1+1/2)‘ _e 2
Atz |Uh| <At2 1 +U||Ve /2| Nk
+CAt§;((max( u? 0 A ;) e (2))+

+o|[V(id - B )&l || + |V (id - P, )"

2

0 )
We get our final conclusion by triangle inequality.
A direct result from Theorem 4.3 is.

By corollary 33 under the condition of Theo-
rem 4.2, we have

At2|

SC(1+AI +max(l,h dEp))Ep +Ch™,

i+1/2 _ +1/2

where
E,=vh” +ah® +a ' W2+ H2h" 2+ aHY + AP
2(r+1)
Remark. The choice of [ = r, a=Ch ",
r+l (H'I)z

H=Ch2, At=Ch"*? admits

max
ISisN

2r+1)
u _u;-’”Z SC[thr +h (r+2) +At4]; (24)
o

i+1/2 i+1/2
— ph

N-1
Atz p
i=0

2(r+1)
(2, < C{vhz’ +h +At4]At’2 +Ch”.

We notice that in semi-discrete SD [4] and semi-
discrete CIP methods for the equal-order elements,
we have

max|u—u, |} <C(vh? +h"™). (25)

0<r<T

So (24) is almost comparable with (25). The choice
of I=r—1,a=Ch?>, H= Ch, At= Ch admits

u' —u;,"; <C(h"+Ar");

max
ISisN
At2| /2 _ *‘/2 | < C(hz’ +At“)At’2 +Ch”.
57




TEOTEXHIYHA I TIPHUYA MEXAHIKA, MAWNHOBYAYBAHHA

Numerical results. In all experiments, the algo-
rithms are implemented using public domain finite
element software Freeefem-++cs.

Convergence study. Let Q be the unit square in
R?, T=1, Re = 10° and Re = 10%. We use the example
for which the true solution is

u = —cos(Trx)sin(ny)exp(—ant/Re)
u, =sin (nx)cos(ny)exp(—2n2t/Re) ,
p= —0.25(005(2nx) + cos(2ny))exp(—4n2t/Re)

which is the Green-Taylor vortex. It was used as a nu-
merical test.

In computations, the operator Py is defined as: for
any u € L*(Q), we are seeking Pyu € L, so that

(VHu,VHv):(VHPHu,VHV),VveLH. (26)
Notice (26) is well-posed if |V 4], is a norm on L,
this can be satisfied by choosing L, = P, (J H )ﬂ L (Q),
L,=P(J,)NLE(Q), L,=P"(T,)NL(Q). Accor-
ding to (26), the stabilization term in (5) can be re-
duced to
S,y 0, ) =a(V, (id = P )uy™?,V ,0,).

The type of computational meshes is presented in
Fig. 1. We consider I1II cases:

SV-VMS |

V,=B(7,)NV.0,=R*(7,)N0.L, = B(JT});
SV-VMS 11

V,=B(7,)NV.0,=R*(7,)N0.L, = B(J,);
SV-VMS 111

v,=p(7)).0v0, =B (7)N0.L, =R*(J}).

compared with the VMS method with Taylor-Hood
elements,

TH-VMS: V, = P,(7}). Q,=R(J}),
with a stabilized term
S, (up™ v, ) = a((id - 11, ) Vey ™" (id - T1, ) Vo, ),

where I1,, is a L>-projection onto P, (j ; ) In this sec-
tion we let

: y p
2z i % / /S /

Fig. 1. The computational meshes
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At=0.01, @ =0.14% .

The symbols 7, Fp,, and r,, stand for the con-
vergence rate of |lu — wo, |lu — u,ll, and |p — p,ll, and
E; ), the errors Eyy,, Ey, and £}, are represented by

N NG

Ey = (Atz(; "u”' -u 0) ;
N-1 ) 12

E,,= [Atz(‘;|u”l -u)! 1 ) ;
N 5 \V2

Ediv :[AIZ}HV(UH—I _u;‘l+l)‘0j .

Nl IR 2
O A

The results show that our methods have better nu-
merical performances than the VMS method. At
Re = 103, the numerical solutions of our method pre-
serve the incompressibility and is by 50—60 % more
accurate than the TH-VMS method. At Re = 108, the
approximation solutions of our method is much more
accurate than the solution by the TH-VMS method.

Confined cavity flow. We calculate the confined
cavity flow for Re = 400. The computation domain is
Q =10, 1] x [0, 1]. The boundary condition is: at the
top boundary (u,, u,) = (1, 0), at other three boundar-
ies (u,, u,) = (0, 0). The type of computational mesh is

still as J, in Fig. 2 with 6144 elements. We use the
following time-step sizes: for 0 <7< 2, Ar=0.1; for2 <
<t<4,At=02;ford<r<8, At=0.4; for 8 << 20,
A =0.8; for 20 < < 36, Ar = 16. We show the contour
lines when Re = 400, ¢ =2, 4, 8, 36 in Fig. 2—4. Our
results are in agreement with those in [4].

Flow around a cylinder.

We consider the benchmark problem ‘flow around
a cylinder’ to test our numerical schemes. This is a
well-known benchmark usage. The domain with
meshes is presented in Fig. 5, where the origin of the
cylinder is at (x, y) = (0.2, 0.2) and the radius is equal
to 0.15. The time-dependent inflow profile is

L4

e
- EEE T
IARRRARE]

=

1 |

415 R i
- ,//" [ — /J i

Fig. 2. SV-VMS 1
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Fig. 5. The computational mesh

. (mr
0ar s1n(—8)y(0.41 -¥);

u2(07 Y, t) = U2(2.2, Y, t) =0.

Nonslip conditions are prescribed at the other
boundaries. Computation is performed for Re = 1000
and the external force /= 0 using the scheme SV-VMS
II1. The contour lines of speed and streamline are
plotted in Fig. 6 with a time step A7 = 0.0025. The re-
sults agree with those.

Conclusions. In this paper, we propose a new
fully discrete VMS method using SV elements for the
unsteady Navier-Stokes with high Reynolds number.
This method features good stability. It preserves the
incompressibility and it has error estimates which do
not depend on the viscosity. We have noticed that
the mapping Py can be chosen other than (26), as
long as it is well-defined which satisfies (4). The fact

that L, can be chosen as B™(J,)NL;(Q) is also
very interesting. A linear treatment of our new meth-

u (0, y,0)=u,(2.2,y,1)=
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Fig. 6. The streamline

n+l/2. n+l/2

od can be done by replacing b(uh U, ,Uh) into

3 1
b(E ,’Z—Eu,’,”;u,’f”/z,vhj in (5), the analysis of this

linear scheme is almost the same as ours in this pa-
per.
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MeTta. Benuka KiUIbKICTb TOCTIIKEHb MPUCBIYE-
Ha BUKOPHUCTAaHHIO BapialiiHUX 6araToMaciuTaOHUX
(VMS) MeTomiB Iy pilllcHHS HECTUCIMBUX TCUild.
Lleit aHani3 BiIpi3HSIETbCS 3aCTOCYBAaHHSIM TaK 3Ba-
HOTO TIEepIIOro abo Apyroro (GayKTyalliiHOTO omepa-
Topa. 3 iHIIOI cTOpOHU, MeTon VMS BUKOPUCTOBY-
IOTbCS [IJIsI PillICHHSI HEeCTAlliOHAPHUX HECTUCIMBUX
Tedili. OTpUMaHi OLIIHKU TTOXMOKH, 1110 3ajiexKaTh Bil
HaBefeHoro uucia PeiiHonpaca. 3 iHIoro 0oky, 3a
JIOTIOMOToI0 MeToAiB nudy3iiiHoi crabinizauii (SD)
Ta 6e3nepepBHuUx TpadHux ¢yHkitii (CIP) paninre
OTpUMaHi OLiIHKM, 110 He 3aJieXaTh Bia uucia Peii-
Hosibaca. TakuM YMHOM, MU XOYe€MO OTpUMATU Ti
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cami abo cxoXi pe3yJabTaTu 3 BUKOPUCTAaHHIM VMS
METO/IIB.

Metomuka. Hamu 3anpomnoHOBaHO TTOBHIiCTIO
IUCKPETHUI CTa0ii3oBaHUII MeToHd [JIsI HecTallio-
HapHux piBHSHb Hap>e-Ctokca (NSE) 3 Benukum
yucjiom PefiHosibaca. Mu BUKOPUCTOBYEMO Pi3HULIIO
Kpanka-Hikoncona y yaci ta enementn Ckorrta-Bo-
reniyca (SV) y npocrtopi st 30epeKeHHs] HECTUCTN-
BocTi. KOHBeKTUBHi e(heKTU cTabiTi3yI0ThCS LIJISIXOM
JlonaBaHHSI HOBOI MpPOeKIlii Ha ocHOBi VM S-eneMeH-
Ta. JloBeneHi CTiKicTh i 30iKHICTh HAOJIMKEHOTO Pi-
nreHHs. OLiHKY TOXNOKY He 3aJIeXXaTh Bin ynciia Peit-
HOJIb/ACA, a, BiAMOBIIHO, I JIsI HECTUCIUBUX PiBHSIHb
Eitnepa, 3a yMOBH, 110 TOYHE PIillICHHS € IJIATKIM.

PesyabraT. JloBeaeHa CTilKicThb i 30iXKHICTb pi-
ImeHHs HabmmkeHHSI. OLiHKY TOXUOO0K He 3aJIeXaTh
Binm uucia PeitHombaca, a, BiIIoBiqHO, i1 111 HECTUC-
nuBUX piBHSIHBb Eifnepa, 3a yMOBH, 1110 TOYHE PillIeH-
He € miankuM. Lleit MmeTon Mae rapHy CTaOiNbHICTD.
Bin 36epirae HeCTUCIUBICTD i Ma€ OLIIHKU MMOXUOKU,
1110 He 3aJIeXKaTh BiJ B’SI3KOCTi.

HaykoBa HoBHU3HA. Y 11iif cTaTTi MU MPOIOHYE-
MO HOBUII TTIOBHICTIO AUCKpeTHUIT VMS-MeTo 3 BU-
KopucTaHHsM SV-elleMeHTIB [JIsI HecTalliOHapHUX
piBHsiHb Hap>e-Crtokca 3 BucOKUM yucioMm Peii-
HoJibaca. HecTtuckyBaHicTh 30epiraeTbcs 3a O0OMO-
Moror eieMeHTiB CkoTTa-Boresiyca, KOHBEKTHUBHI
e(PeKTH CTabili3yloThCd NUISXOM HOAABaHHS HOBOI
npoexliii Ha OCHOBI BapialliiiHOro GaraTomMaciuTad-
HOTO eJIeMEHTa.

IIpakTnyna 3HauMmMicTh. YucenbHi eKcriepu-
MEHTH TI0Ka3yloTh, 110 3alpOIIOHOBAaHUIl METON €
nyXe e(PeKTUBHUM MJIsI HECTUCIMBUX TeUiil 3 BUCO-
KuM yrciaoM PeiliHonbaca. BoHU TakoxX MiaTBepIXKy-
I0Th, 110 JaHUI METOJ, 30epira€ HeCTUCIIUBICTb.

KmouoBi caoBa: wHecmauionapui  pieHsAHHS
Haeé’e-Cmokca 3 eucoxum uuciom Peiinoavoca,
enremenmu Crkomma-Boeeaiyca, necmucaugicmo,
KoneexmueHi epexkmu, piznuys Kpanka-Hikoaco-
Ha, eapiayiilHuil baeamomacuimabHuil memoo

Ileab. MHorue uccienoBaHusl MOCBSILIEHbI UC-
MOJIb30BAaHUIO BapHallMOHHBIX MHOTOMACIITAOHBIX
(VMS) MeTonoB mist pelieHUsI HeCXKMMAaeMbIX TTOTO-
KOB. DTOT aHaJIU3 OTJIMYAeTCS TPUMEHEeHUEeM TaK Ha-
3bIBAEMOTO TMEPBOTO WX BTOPOTo MIIYKTYallMOHHOIO
onepatopa. C apyroit ctTopoHbl, MeToabl VMS wuc-
TTOJIB3YIOTCS [IJTS PEIICHUST HECTAIIMOHAPHBIX HECXKI -
MaeMbIX TeueHUit. [ToydeHBI OLIEHKY OTPEITHOCTH,
3aBUCSINNE OT IIPUBEICHHOIrO umcia PeifHombaca.
C mpyroii CTOpOHBI, C TOMOIIBIO METOHOB TUM Y31~
OHHOI1 cradbunu3aunu (SD) 1 HempephIBHBIX IITpad-
BbIX dyaKumii (CIP) paHee momxydeHBI OIIeHKU, KO-
TOpbI€ HE 3aBUCAT OT uucia PeliHonbaca. Takum 06-
pa3oM, Mbl XOTUM MOJYYUTH TE K€ WU CXOIHbIC pe-
3yJIbTaThl C UCMIOJIb30BaHUEM VM S-MeTonoB.

Metoauka. Hamu npennoxeH MOJHOCTbIO AUC-
KPETHBIN CTaOMIM3UPOBAHHbBIN METOM JJI1 HeCcTal-
oHapHbIX ypaBHeHUi HaBbe-Crokca (NSE) ¢ 601b-
UM 4YuclioM PeitHonmbaca. MBI HCIIONIB3yeM pa3s-
HocTh Kpanka- HukojicoHa Bo BpeMeHU U 3JIEMEHTBI
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CkortTta-Borenuyca (SV) B npocTpaHCTBe 1JIs1 coXpa-
HeHUs HeckrnMmaeMocTu. KoHBeKTuBHbBIE 3(h(eKThI
CTaOMIU3UPYIOTCS ITyTeM T00aBIICHHUST HOBOI IIPOEK-
1 Ha ocHoBe VM S-aiteMenTa. Jloka3zaHbl yCTOMYM-
BOCTh M CXOIOMUMOCTb IIPUOIIKEHHOTIO pEeIICHUS.
OlieHKY TIOTPENIHOCTH HE 3aBUCAT OT umcia Peii-
HOJbIACA, a, CIAENOBATEIbHO, M IUISI HECXKHUMaeMBbIX
ypaBHeHUI Diinepa, Mpu YCJIOBUU, YTO TOYHOE pe-
LIEHUE SIBISIETCS IJIaAKUM

PesynbraTsl. JlokazaHa yCTOHYMBOCTb U CXONU-
MOCTB pelIeHusI TpruoarmKkeHnst. OIIeHKH MOTPEITHO-
CTeil He 3aBUCST OT umcia PeliHombaca, a, ciaemoBa-
TEJIbHO, W UISI HeCXKMMAaeMbIX YpaBHEHUI Diiepa,
TIpU YCIIOBUM, YTO TOUHOE PEIICHUE SIBIISICTCS Tyaml-
KUM. DTOT METOI UMEET XOPOIITYIO CTaOMIIBbHOCTh. OH
COXpaHsSIeT HEeCXKMMAeMOCTh M MMEET OIEHKU II0-
TPEIIHOCTH, KOTOPBIC HE 3aBUCST OT BSI3KOCTH.

Hayuynas noBu3Ha. B 51011 craTthe Mbl Npeaiara-
€M HOBBII MOJHOCTBIO NUCKpeTHbIE VMS-merton ¢
HCIIOJIb30BaHUEM SV-3JIeMEHTOB IJIs1 HECTallMOHAap-
HbIX ypaBHeHMIT HaBbe-CToKca ¢ BHICOKMM YHUCIOM
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PeitHonbaca. HecxxnumaeMocTh cOXpaHsIETCSI ¢ TIOMO-
mbio 35reMeHTOB CKOTTa-Borenmyca, KOHBEeKTUBHBIC
2 eKThl CTAOUIUZUPYIOTCS MTyTeM J100aBJIE€HUS HO-
BOI TIPOEKIIMM HAa OCHOBE BapUALMOHHOTO MHOTO-
MacIITabHOTO 3JIEMeHTA.

IIpakTuyeckasi 3HAYUMOCTb. YucIeHHbIE 9KC-
MEePUMEHTHI TOKAa3bIBAIOT, YTO MPEITIOKEHHBII METO/,
o4YeHb d(P(PEKTUBEH IJI HECXKMMAaEeMbIX TEUEHUN C
BBICOKMM 4ucioM PeiiHonbaca. OHM TakxKe MOJ-
TBEPXKIAIOT, UTO JAHHBII METOI COXpaHsIeT HEeCXKU-
MaeMOCTh

KiroueBble cjI0Ba: HecmauuoHApHble YpasHe-
nuss Hasve-Cmoxca ¢ évicokum uucaom PeliHons-
oca, anemeumor Cxkomma-Boeeauyca, necocumae-
Mocmb, KOHE8eKmMueHbsle 3ggexmol, pPA3HOCHb
Kpanka- Hukoacona, eapuayuoHnHbill MHOCOMAC-
wmabHbLiL MemoJ,

Pexomenodosarno do nybaikayii doxkm. mexH.

Hayk B.B. Tnamywenxom. Jlama Haodxo0ceHHs
pykonucy 04.10. 15.
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